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Motivation: Adjoint Mismatch
– Inverse problems: Ax = y

– might not solvable, instead
minx∈X ‖Ax − y‖X where A : X → Y

– Normal equation: A∗Ax = A∗y

Õ pseudo inverse A†, noncontinuous
– discretization A ∈ Rm×d

Õ exact adjoint A∗ may be
expensive or unavailable

– Replacing A∗ by a discretized
adjoint V ∗ Õ adjoint mismatch

– Affects convergence ‖V ‖, ‖A − V ‖
min
x∈X

f(Ax) + g(x) = min
x∈X

max
y∈Y

g(x) + 〈Ax, y〉 − f∗(y)

– spectral properties of V ∗A + κI
minx∈X ‖y − Ax‖2

X + g(x) + κ
2 ‖x‖2

X

– V V ∗ unavailable for estimating
– V ∗A nonnormal Õ not convergent
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Extensions, Restrictions of R(A, B)

– Operator norms ‖A‖, ‖A/B‖
– Adjoint mismatch ‖A − V ‖

Optimization Target
– Maximize the generalized Rayleigh

quotient R(A, B) = max
v 6=0

〈v,Av〉
〈v,Bv〉

– A ∈ Rd×d, B Hermitian pos. def.
〈v, Av〉 = 1/2

(
〈v, Av〉 + 〈A∗v, v〉

)
= 〈v, AHv〉

Õ B = Id Õ top spectral problem
Õ general B Õ leading generalized

eigenvector of B−1AH

Ö max λ s.t.
{

AHv=λBv
〈v,Bv〉=1

Rieman. Grad.: First & Zeroth Order
Õ Riemannian gradient, retraction
Õ requires adjoint A∗, inverse B−1

– Surrogate stochastic gradient
– Sample x̃ ∼ N (0, Id), xk = Pvk x̃

– Estimate ∇̂1f(vk) = f(R
vk (µkxk))−f(vk)

µk
xk

– Choice of the step size!
Specific Construction, Estimator

– Solve quadratic subproblem
arg min

τ∈R

〈R
vk (τxk),AR

vk (τxk)
〈R

vk (τxk),BR
vk (τxk)〉 ,

{
ak:=〈vk,AHvk〉
bk:=2〈xk,AHvk〉

– Estimator E[bkxk] = 1
d−1 ∇Sd−1

B

f(vk),

E[b2
k | vk] = 4

d−1 ‖Pvk AHvk‖2 = 1
d−1 ‖∇Sd−1

B

f(vk)‖2

Riemannian Formulation
– Work on the ellipsoid

Sd−1
B = {v ∈ Rd | 〈v, Bv〉 = 1} = h−1({0})

– smooth, embedded Riemannian
manifold h(v) = 〈v, Bv〉 − 1

– tangent space
Tv = ker(Dh[v]) = {x ∈ Rd | 〈x, Bv〉 = 0}

– Then R(A, B) = max
v∈Sd−1

B

〈
v, AHv

〉
Convergence, Rates
dist(Gmax, vk) → 0, r(A, B, vk) ↗ λmax, k → ∞, a.s.

min
k=0,...,n

P(‖AHvk − akBvk‖2 ≥ ε) ∈ O(1/n)

min
k=0,...,n

E[b2
k] = min

k=0,...,n
E[‖∇Sd−1

B

f(vk)‖2] ∈ O(1/n)
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Our algorithm ZO-RGA i) ZO-RGA ii)


