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Randomization in numerical computations gain in the recent years due to sev-
eral reasons. Firstly, the computational complexity can be reduced incrementally,
secondly, in higher dimensions or due to black-box implementations there is a re-
stricted excess to the data, so that normally one only is allowed to use matrix-vector
and vector-vector products. Thirdly, deterministic approaches and algorithms also
have to deal with machine precession and adding uncertainties does not effect the
computational result as much as the variance can be reduced, ideally.

Randomized Kernel Ridge Regression Kernel ridge regression (KRR) is a clas-
sical regularized learning method that combines the stability of ridge regression with
the flexibility of nonlinear feature spaces [7; 8; 16]. Given training data {(x;, yl-)}le,
where x; lies in an input space & and y; € R, KRR seeks a predictor that fits the
data while controlling model complexity through an reproducing kernel Hilbert space
(RKHS) norm penalty [1]. This has variouse applications via statistical learning [8]
with machine learning and support vector machines [13; 14] The key idea is to replace

explicit finite-dimensional features by a positive semidefinite kernel function

K: XXX >R,
meaning that
d
Z ci,cjk(x;,x5) 20, Vx,x; € X,¢c; € Ryd €N, (1)
ij=1

which implicitly defines a (possibly infinite-dimensional) RKHS. Here, a positive def-
inite kernel would fulfill equylity to zero in (1) if and only if ¢; = 0 for all i € IN.
A standard formulation of KRR is

d
min % = £ 6)” + A fI
i=1

feH
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where A > 0 is the regularization parameter and H, is the RKHS associated with «.
By the representer theorem, the minimizer admits an expansion of the form

d

FO =) (0,
j=1
for some coefficients v = (vy,...,04)" € RY. Writing the kernel matrix as

Kij =xk(xi,x5),  Lj=1,....d,
the vector of fitted values is Kv, and the RKHS norm becomes

I1£15, = (v.Ko).

Hence the optimization problem can be written equivalently as
1 2
min —|ly — Ko||* + A (v, Kv), (2)
veRd d

which is the finite-dimensional form used in practice. This representation shows that
KRR is a linear least-squares problem in the coefficients v, but with a data-dependent
geometry induced by the kernel matrix [7]. The choice of kernel determines the class
of functions that can be learned, allowing KRR to model nonlinear structure while
retaining convexity and a closed-form solution.

KRR s closely related to ridge regression, Gaussian process regression, and smooth-
ing spline methods, and it is widely used because of its simplicity, theoretical guaran-
tees, and computational tractability for moderate sample sizes.

Solving (2) directly is theoretically possible by evaluating the derivative with re-
spect to v given as

Vv(élly — Ko|? + A (v, K0)) = éK(y —Ko) +2AKv =0
& 1Ky=(3K*-2)K)o
& o= (K?-2dK) 'Ky.
The latter ansatz is numerical complex and inaccurate due to the inverse of K* — 2dAK

which also involves the matrix-matrix product of K, we all want to avoid.
In the manner of [3-5] we translates to an optimization problem (2) to $4"! xR 3

(v,y) by

.1 1
min —||ly —Kvllg + A{v,Kv) = min =|ly —K(y0)||§ + A{yv, K(yv))
veRd d YER d
vegd1

where we iteratively aim to solve

argmin lly - yK G255 1° + Ay Ly AT (3)
TeR,y€R

The second part is well-known from [4; 5]. We write out the objective from (3) as

Slly = yK G |17 + Ay i) — F(z,y)

1+72

2 A 2
= |lyll3 - 2\/1);7 (y, K(v + x)) + 1112 1K (0 + 7x)]|3 + 1+YT2 (v + 7x,K(v + 7x))



(Y, K(v + x)) + [|K(v + rx)ll% +A{v+1x,K(v + Tx))), (4)

1+Tz (

=lyll; - 2=

Vi+r?
which is quadratic in y. Now, differentiating F(z,y), cf. (4), with respect to y yields

0=20 }'(r Y)
e 0=——— (y,K(v+z’x))+

1+2

IK (0 + ) I3

1+T2

+

(v +1x,K(0 + 7x))

TZ

= (1K (v + )13+ A (o + x, K (v + 7x)))

o \/#7 (y,K(v + tx)) =
o (g K(w+1x)) = \/: (K + Aly) (v + 7x), K (v + 7x))

s (y,K(v+1x)) = \/7<U+rx (K2+AK)(U+Tx)>

_ V1+72(y,K (v+7x))
© V= @k ey = (0 ()

Notably, the condition

0+ <v +1x, (K* + AK) (0 + Tx)>

= <v +1x, K2 (v + Tx)) # -1+ 1x,K(v + 7))

<U+TX,K2(U+TX)>
(v+7x,K (v+7x)) °

e A#E-

such that the optimal y depending on 7 exists, is equivalent to the condition that the
next iterate v + tx for an optimal 7 is not an generalized eigenpair of (K?,K) with
generalized eigenvalue -1 < 0.

Now, replacing y with the optimal curve y*(7) in F(z, y) yields

« T (4K (v+x))?
]:(T,}/ (T)) - ”y”z " {otrx, (KZ4AK) (v+1x) ) (6)

which can be optimized with respect to 7. Therefore, notice that since K is symmetric
also K2 and hence K? + AK is symmetric, and it is of the form

2
Floy'(0) = llyll} - &b

with
a = (y,Kv), pB:=(y,Kx),

a = (v, (K*+ AK)o), b:= (v, (K*+AK)x), ¢ = (x, (K*+ AK)x). @)
The optimal criteria of the latter are then
- (a+zp)®
0=0 (a+2rb+z‘zc)
2(a+tf) Bla+2rb+7%c) —2(a+7B)? (b+7c)
< 0= (a+27b+72%¢)?
& 0= (a+1p)B(a+21b+7%) — (a + 7f)*(b + ¢)
&  0=p(a+216+17%) — (a0 + 1) (6 + 70)
& 0=pfa-ab+7(fb- ac),
if and only if 0 # @ + 7. Hence the minimizer is given by
%« _ Pa—ab )

~ pb-ac



if, additionally, holds 0 # b — ac. By construction, it should now holds that
llo+77°x[ = V1 + 2 = y" (7). ()
We finally conclude, that

(y,Kx){(v,(K?+AK)v)—(y,Ko)(v,(K?+AK)x)
(y,Kx){(v,(K?+AK)x)—(y,Kv){x,(K?+AK)x)

1
argmin —||y—K(v+7x)|3+A((0+7x), K (v+1x)) =
7€R d

is sufficient for the iterative solution.
Notably, we observe that

Exjo[(y, Kx) (o, (K* + AK)x)] = Eyjo [y Kxx" (K* + AK)o]
=y KE, o [xxT](K* + AK)o
= ﬁyTK(Id -0 ) (K% + AK)o
= ﬁ((y,K(K2 + AK)o) — (y, Ko){v, (K* + AK)v))

using that [5]
]Ex|z,[xxT] = ﬁ(ld —oob).

Furthermore holds

Exjo[(y, Ko) (x, (K + AK)x)] = (y, Ko)Exo[tr(x" (K? + AK)x))]

= (y, Ko)Eypo[tr((K* + AK)xxT)]

= (y,Kv) tr((K2 + AK)IEx“,[xxT])

= 7y, Ko) tr((K* + AK) (I — vo"))

= ﬁ(y, Kv)(tr(K2 +AK) —tr((K% + )LK)Z)UT))
ﬁ(y, Kv)(tr(K2 + AK) — tr({o, (K* + AK)v)))
= (y, Koy (tr(K* + AK) — (v, (K* + AK)v))

such that
Exjo[(y, Kx) (v, (K* + AK)x) = (y, Ko){x, (K + AK)x)]
= 75 ((. K(K? + AK)v) — (y, Koy tr(K* + AK))
For the constraints
0 # (y, Kx) (v, (K* + AK)x) — (y, Ko)(x, (K* + AK)x) =: p(x)

we argue via [10: Thm. A.4] and [12]. Therefore, we aim to construct x € $¢°1 N T,
such that p(x) # 0, since

N(p) = {w € 84" N, | p(w) = 0}.

is either a null set, or the entire (sub)manifold $?~'NT, ~ $?~2 in $¢~!. We determine
a case destinction:

1) Let (y, Kv) # 0. Then, we additionally assume that x € span(Ky)* such that
(y, Kx) = (Ky, x) = 0, where dim(span(Ky)*) =d — 1 and

dim(span(Ky)* NT,) € {d — 2,d — 1},



where the latter case is if and only if v € span(Ky), such that (y, Kv) = (Ky,v) =
+||o]| ||Ky]| # 0. Now, we would need to have x € N(p) that

0 = (x, (K* + AK)x) = (x, K*x) + A{x, Kx) = ||[Kx||5 + A{x, Kx)
& ||Kx|l5 = =A{x,Kx) < 0.
where A > 0 and (x, Kx) > 0 the positive semidefinite property of the kernel. Hence, if

k is a positive definite kernel, then is K, such that x = 0 is necessary, which contradicts
x € $4-1 N T,. Otherwise, we would need that

ker(K) = span(Ky)* N'T,

since otherwise, we could construct a point in x € ker(K)¢ Nspan(Ky)* N$4~ ' NT,.

2) Let (y, Kv) = 0. Then we have (y,Kx) # 0 a.s. since otherwise we have x €
span(Ky)* and hence v € span(Ky) which contradicts (y, Kv) = 0 since then v = 0
contradicts the spherical assumption. Similarly it holds

(K? + AK)o € span()
to have 0 = (o, (K? + AK)x) a.s., i.e. still x € N(p) for (almost any) x € $¢~! N T,.

Hence, v needs to be an eigen vector of K? + AK.

Bemerkung 1. The null space of K is given by the range of ¢, where ¢ : R" — R™
such that

K (xi,x7) = (P (xi), P (x))), ije{l,...d}
Hence, we assume that dim{¢(x1), ..., (x4)} > 3 such that ker(K) < d — 3 and hence
ker(K) # span(Ky)* N'T,. o

Proposition 1. Letv € $%~! no eigenvector of K? + AK and dim{¢(x;), ..., p(xq)} > 3.
Then b — ac # 0 a.s.

Proof. See the argumentation above, similar to [5: Lem. 4.3]. o

Theorem 1. If dim(§(x1), ... ¢(xq)) > 3 and dim(E,(K* + AK)) < d — 2 and let

0% ~ UGB and x* ~ UGB! N o%) and set v* ! = E’f:;zk)’ffz by 1 given in (8) with
k

parameters as in (7) then

1. oF is not an eigen vector of K> + AK for allk € N a.s,,

2. Yok — argmin,_pa $I|y — Kol|2 + A{v, Kv) where y as in (5).
Proof. Conclude as in [5: Thm. 5.6] from Prop. 1 via the dimension argument as in [5:

Lem. 4.4] and [5: Thm. 4.6]. o

Randomized Constrained Square Problem The optimization problem

min (v, Av) + (y, ), A>0,ye€ R, (10)
veRY, v>0

is a simple but fundamental convex quadratic program over the nonnegative orthant

[9; 11]. Any (additional) regularization parameter can be absorbed in y. Since the

Hessian of the objective is A + A*, where it holds

(v, Av) = %(v, Av) + %(v, Av) = %(0, Av) + %(A*v,v) = <v, %(A + A¥) U)
(R
=Al



and, hence, it is
A0 o Afso,

positive definiteness of A implies strict convexity and therefore a unique minimizer.
Problems of this type appear whenever one wants to balance a quadratic energy with
a positivity constraint, a structure that is closely related to nonnegative least squares,
projected gradient methods, and constrained quadratic programming [2; 6; 11].
Notably, if y > 0, then v = 0 is a minimizer and the minimum is zero, since

(v, Av) >0 Yo € RY, (0,y) =20, v=0.

From a computational viewpoint, the problem is attractive because it combines a
quadratic objective with a very simple feasible set. This makes it a natural test case
for active-set, projected-gradient, and operator-splitting methods, all of which are
standard tools for linearly constrained convex optimization [2; 6; 15]. Variants of this
model also arise in signal processing, inverse problems, and model predictive control,
where nonnegativity can encode physical feasibility or interpretability.

Theoretically, (10) is solvable by viewing the LAGRANGIAN. The optimality condi-
tions are given as

VU(<Z),AZ)> +(y,0)) = 2A%y + y=0 & o= %(AH)_ly

and hence, by the nonegativity constraints, it holds

o* = %((AH)_ly)Jr, (-)+ =max{0,-}, componentwise defined.

By assumption A™ is invertible but might take numerically a huge effort to build,
which we want to avoid.

In the randomized setting, one typically studies how randomization in the data,
the matrix A, or the initialization affects the geometry of the feasible region and the
behavior of the optimizer [9]. The resulting problems remain convex, but randomiza-
tion can introduce useful probabilistic structure that simplifies analysis and motivates
algorithmic design.

Firstly, we translate (10) to an optimization problem on $¢~! x R

min Y2 (0, Av) + v (0,4)

0€89-1p>0,y>0

where we iteratively aim to solve

argmin y*( ||§1§H’A”2i§§u> +v( IIzigH’y> =Q(xy)

T€ER,y€R
= arg min YZ (0,Av)+27(x,Av)+7% (x,Ax) 4 y(v,y)+r(x,y) X ~ U(Sd_l N TU);
reR,yeR e (14e)1/2 st. v+71x>0.

Secondly, we translate the constrains for the updated variable from before which reads
as
v+1x>20 © ov=2tx © min{-v;/x}>7> max{-v;/x;}.
i:x; <0 i:x; >0

Differentiating with respect to y yields

0=29,9(z,y)



_ + + +
e 0=2y Torexl> A ||2+g||> + <”Z+;’§”,y>
S 0 :2y<v+rx,A(v+rx)> + ||v+z'x||<v+rx,y>

_ Hz)+‘rx||<z;+rx,y> .
< r= 2<U+Tx,A(v+rx)> =y (T) (11)

the optimal curve of y with respect to 7. Hence we optimize the one-dimensional
function

* _ (v+7x,y)? (v+7x,y)? _ (v+7x,y)?
Q(T’Y (T)) T o+, A(vrrx)) | 2ot A(o+rx)y | 4(o+rx,A(o+Tx))

Hence, we have

2 2
argmin O(r, " (7)) = argmax 7 SEE s = argmax ¢Sl
T T T

in the form as in (6) where we now have

a={,y), pf={(1y),

a:=(v,Av), b= (0, Ax) = %((x,Av) + (Ax,0)), ¢ = (x, Ax). (2)

We finally conclude with the same argument as in (9) that

(x,y)(0.A0) (v, y) (0,A"x)
(x,y)(0.ARx) = (0.y)(x,Ax) *

argmin(o + 7x, A(v + 7x)) + (v + x,y) =
reR4

Similarly as before, it holds

Exjo[ (x, )0, ATx) = (0, y)(x, Ax)]
= 751 ((y. (I = 00") A%0) — (0, y) (tr(A(Iq ~ v0")))

= ((y, ABo) — (y,0) (0, AM0) — (0, 9) (tr(A) — (0, Av)))

- ((y, Ao) — (0, y) tr(A)).

For the constraint that
0 # (x,4){0, A'x) = (0, y)(x, Ax) = ¢(x)
we argue as before via [10: Thm. A.4] and [12] and the nullspace
N(p) = {w €S N, | p(w) = 0}.

1) Let (v,y) = 0, then we have (x,y) # 0 a.s., since otherwise we would have
y € span(v), and hence y = 0 is necessary. Then, (v, Alx) = (Ao, x) = 0 as,, if and
only if v is an eigen vector of AY, cf. [5: Lem. 4.3].

2) Let (v, y) # 0, then we choose additionally x € span(y)* and notice that

dim(span(y)* N T,) € {d —2,d — 1}

where the latter case arise if and only if y € span(v) such that then we would have
(v,y) = =|[o|| ly|| # 0if y # 0. Hence, we would need for x € $4~! N span(y)* N T,
that (x, Ax) = 0, which contradicts A > 0.



Proposition 2. Letv € $¢~! no eigenvector of A and y # 0. Then fb — ac # 0 a.s.

Proof. See the argumentation above, similar to [5: Lem. 4.3]. o

Theorem 2. Ify # 0 and dim(E”(AH)) < d-2andletv® ~ UGS and x* ~

k k
US4 N0k and set oF+ = ZEEX by 1 given in (8) with parameters in (12) then

= )72

k

1. oF is not an eigen vector of A for allk € N a.s,,

2. yok — arg min, a4 (v, Av) + (y,v) where yi as in (11).

Proof. Conclude as in [5: Thm. 5.6] from Prop. 2 via the dimension argument as in [5:
Lem. 4.4] and [5: Thm. 4.6]. |
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