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Key Takeaways
É Learning distances on samples and features via fixed points
simultaneously.

É In [2], OT cost matrices are learned between samples and
features.

É We propose a more general setting with extensions to
Mahalanobis distances and graph Laplacians.

Setting

É Samples X = (X1 . . . Xn) and features XT = (X1, ..., Xm).
É Assumption: Xi , Xj, Xk , Xl for i , j and k , l.
É In some applications, X and X are normalized:

X1n = 1m, XT1m = 1n.

Goal
Find distances distA and distB on the sample and feature spaces that
can be used for clustering.
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Main idea
Link parametrizations A and B as fixed points of certain mappings
F : Òm×m → Òn×n and G : Òn×n → Òm×m, so that

B = F (A) and A = G(B).

Examples
I) On pseudo-distance matrices A,B (for (1) in [2]):

F (A) B
(
WA(Xi, Xj)

)n
i,j=1

+ Rn, G(B) B
(
WB(X

k
, Xl)

)m
k,l=1

+ Rm,

É where Rn, Rm are some regularizer and Wasserstein distance
W·(x, y) B min

P∈Π(x,y)
〈·, P〉, Π(x, y) B {P ∈ Ò?×?≥0 , P1? = x, P

T1? = y}

II) On semi-pseudo-distance matrices A,B with ε > 0:
F (A) B SεA(X) + Rn and G(B) B SεB(X) + Rm.

É with Wε
· (x, y) B minP∈Π(x,y)

{
〈·, P〉 + ε‖ · ‖∞KL(P, xyT)

}
É and Sinkhorn divergence

Sε· (x, y) B Wε
· (x, y) − 1

2(W
ε
· (x, x) +Wε

· (y, y)).
III) On symmetric-positive definite matrices A,B:

F (A) B f
( (
MA(Xi, Xj)

)n
i,j=1

)
+ Rn, G(B) B g

( (
MB(Xk, Xl)

)m
k,l=1

)
+ Rm,

radially positive definite functions f , g.
É with Mahalanobis distance

M·(x, y) B
√
(x − y)T · (x − y), x, y ∈ Òm.

IV) On positive semi-definite matrices A,B:
F (A) B diag

(
WA(X)1n

)
−WA(X), G(B) B diag

(
WB(X)1m

)
−WB(X).

É with graph-LaplacianW·(X) B
(
M2· (Xi, Xj)

)n
i,j=1

,
É using the Mahalanobis distance.

Fixed Point Algorithms
É Assumption: F and G are Lipschitz w.r.t. ‖ · ‖∞ with LF , LG > 0.
É Normalized iterations:

Bt = F̃ (At) B F (At)
‖F (At)‖∞ and At+1 = G̃(Bt) B G(Bt)

‖G(Bt)‖∞. (1)
É Scaled iterations:

Bt = γFF (At) and At+1 = γGG(Bt), γF , γG > 0. (2)
É Iteration as a single operator T̃ B G̃ ◦ F̃ and

Tα (A) B (1 − α)A + αγGG (γFF (A)) , α ∈ (0, 1] .
É Stochastic variant of (2): update single randomly chosen entry of
A and B per iteration.

Theorem: existence and linear convergence
Consider F and G from Examples I, II, III or IV. Under mild assump-
tions, we have:
É Iterations (1) and (2) admit unique fixed points A and B.
É Linear convergence rate to fixed points.
É Stochastic version converges almost surely at a linear rate on
average.

Numerical Experiments

Reduced (PCA, with dimension 10) Single-cell RNA Sequencing

SEVn ASW: 0.7521 sSEVn ASW: 0.7328 SEV ASW: 0.7698 sSEV ASW: 0.7696
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GMEVn ASW: 0.2207 RBF-MEVn ASW: 0.2291 Laplacian-MEVn ASW: 0.2231 Eucl. ASW: 0.2154
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Single-cell RNA Sequencing

SEVn ASW: 0.3507 sSEVn ASW: 0.3894 SEV ASW: 0.0666 sSEV ASW: 0.0667
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GMEVn ASW: 0.2102 RBF-MEVn ASW: 0.0863 Laplacian-MEVn ASW: 0.0802 Eucl. ASW: 0.0732
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Impact of parameters
scaling of step size

A
S
W
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Scaling of Rn and Rm
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