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INTRODUCTION I

— Contribution. Regularize OT between probability distributions pu,v € P(X),
X C R4

argmin(c, 7) = / c(z,y)dr(x,y), with cost ¢: Xx X — R,
well(p,v) XxX

using the a-Rényi-divergences R, for o € (0,1).
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INTRODUCTION I

— Contribution. Regularize OT between probability distributions pu,v € P(X),
X C R4

argmin(c, 7) = / c(z,y)dr(x,y), with cost ¢: Xx X — R,
mell(p,v) X x X

using the a-Rényi-divergences R, for o € (0,1).
— Prior work. Regularization with KL = lim, ~ R [3] and with ¢-Tsallis divergence
Ty=(¢—1)""[exp((q— 1)Ry) — 1] for ¢ > 0 [4].
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INTRODUCTION 11

— Method. Solve primal problem with mirror descent 1] and dual problem with

subgradient descent.
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INTRODUCTION 11

— Method. Solve primal problem with mirror descent 1] and dual problem with
subgradient descent.

— Result. Rényi-regularized OT plans outperform KL / Tsallis regularized OT plans
on real and synthetic data.

— Novelty. R, ¢ {f-divergence, Bregman divergence} and R, not “separable” due to
the logarithm.
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DEFINITION [

— The transport polytope is

M(p,v) ={mr e PXxX):7m(AxX)=u(A), nXxB)=v(B) VA, BeBX)}
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DEFINITION [

— The transport polytope is
M(p,v) ={mr e PXxX):7m(AxX)=u(A), nXxB)=v(B) VA, BeBX)}

— Dy ={c=dP|d: Xx X~ Ry is lower semicontinuous metric} the set of cost

functions, where p € [1,00)

— Pp(X) is the set of probability measures with finite p-th moment.
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DEFINITION I

— Definition. The a-Rényi-divergence of order a € (0,1) is

Ra: POX) x PX) 5 Ry, (1] v) s — i - n (/X (%(x))a (%(az))lo‘ dT(-'L')) ;
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DEFINITION I

— Definition. The a-Rényi-divergence of order a € (0,1) is

Ra: P(X) x P(X) 2 Ry, (u]v) s ——In (/X (3—5(3;))& (%(x))la dT(J;)) ,

— where 7 is a finite reference measure, e.g. T = pu+ v € M(X)4, is chosen such that

v LT,
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DEFINITION I

— Definition. The a-Rényi-divergence of order a € (0,1) is

Ra: P(X) x P(X) 2 Ry, (u]v) s ——In (/X (%(x))a (%(x))la dT(J;)) ,

— where 7 is a finite reference measure, e.g. T = pu+ v € M(X)4, is chosen such that
n, v LT,

— and In(0) == —oc.

— Remark. R,(- | p®v) is well defined on II(p,v), i.e. m € II(u, v) implies that
T RV,
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REGULARIZATION MODELS

— For regularization parameter v € [0,00] and « € (0,1), the restricted transport
polytope,
(s, v) 1= {m € T, 0) : Ralm | @) <7},

is weakly compact, since R, ( - | p ® v) is weakly Isc. and II(u, v) is weakly compact.
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REGULARIZATION MODELS

— For regularization parameter v € [0,00] and « € (0,1), the restricted transport

polytope,

(s, v) 1= {m € T, 0) : Ralm | @) <7},

is weakly compact, since R, ( - | p ® v) is weakly Isc. and II(u, v) is weakly compact.
— Definition. The Rényi-Sinkhorn distance between p, v € P,(X) with cost

ce€Dyis

1
Qoo Pp(X) x Py(X) R, (v} min{ (e, m)p sm € MG (nn)} . (1)

— Remark. (1) is a convex problem, with unique minimizer.

THEOREM 1 (B., STEIN [2])

Pp(X)? 3 (1, v) = Lysidey,a(p, v) is a metric for o€ (0,1), v € [0,00], ¢ € Dp.
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THE DUAL POINT OF VIEW - PENALIZING THE CONSTRAINT

— Instead of restricting the domain of the optimization problem, one can penalize the

Rényi divergence constraint in (1).
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THE DUAL POINT OF VIEW - PENALIZING THE CONSTRAINT

— Instead of restricting the domain of the optimization problem, one can penalize the

Rényi divergence constraint in (1).

— Definition. The dual Rényi-Divergence-Sinkhorn distance for a € (0, 1),
A€ (0,00] is

dgéy)\: PP(X) X PP(X) — R? (/1’7 V) — <C7 W?’)\(Ma V)>;7

1
where 78 (1, v) € arg min {(c, ) + XRa(ﬂ' |p@v):mell(y, z/)} . (2)
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THE DUAL POINT OF VIEW - PENALIZING THE CONSTRAINT

— Instead of restricting the domain of the optimization problem, one can penalize the
Rényi divergence constraint in (1).
— Definition. The dual Rényi-Divergence-Sinkhorn distance for a € (0, 1),
A€ (0,00] is
1
dgy)\: PP(X) X PP(X) _>]R7 (/j” V) — <Ca7fg’)\(/h V)>;7

1
where 78 (1, v) € arg min {(c, ) + XRa(ﬂ' |p@v):mell(y, z/)} . (2)

THEOREM 2 (B., STEIN [2])
Problem (2) has a unique solution for every o € (0,1),A >0 and p,v € Pp(X).
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LAGRANGIAN POINT OF VIEW AND PRE-METRIC

— Rényi-Sinkhorn distance d. (i, 7) and dual Rényi-Sinkhorn distance
d2(u, v) are equivalent:
for p,v € Pp(X) and v > 0, there exists A € [0, 00], such that
(678 (1,1)) = ey (1, ).
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— Rényi-Sinkhorn distance d. (i, 7) and dual Rényi-Sinkhorn distance
d2(u, v) are equivalent:
for p,v € Pp(X) and v > 0, there exists A € [0, 00], such that
(e (1,0)) = ey, 1)P.
— The problem (2) yields the regularized OT problem

1
OT1 ,: Pp(X) X Pp(X) = [0,00), (,v) = min (c,m) + ~Ra(m|p®@v). (3)
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LAGRANGIAN POINT OF VIEW AND PRE-METRIC

— Rényi-Sinkhorn distance d. (i, 7) and dual Rényi-Sinkhorn distance
d2(u, v) are equivalent:
for p,v € Pp(X) and v > 0, there exists A € [0, 00], such that
(e (1,0)) = ey, 1)P.
— The problem (2) yields the regularized OT problem

1
OT1 ,: Pp(X) X Pp(X) = [0,00), (,v) = min (c,m) + ~Ra(m|p®@v). (3)
X () A

THEOREM 3 (B., STEIN [2])
P(X)2 3 (1,v) = 1z OT%ya(p, v) is a metric for o € (0,1),\ € (0,00], ¢ € Dp.
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THEORY

— The aim is to employ the duality theory by Fenchel-Rockefellar.

— Therefore, we can prove a Pre-conjugate formulation of the Rényi divergence w.r.t.

the first component.
THEOREM 4 (B., STEIN [2] — PRE-CONVEX CONJUGATE OF R,(- | 6))

For § € M(X) we have

In <<|g|ﬁ,9>) + consty, if g € Co(X), g <0,

+00 else.

[Ra(- 10)],(9) =
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THEORY

— The aim is to employ the duality theory by Fenchel-Rockefellar.

— Therefore, we can prove a Pre-conjugate formulation of the Rényi divergence w.r.t.

the first component.

THEOREM 4 (B., STEIN [2] — PRE-CONVEX CONJUGATE OF R,(- | 6))
For § € M(X) we have

In <<|g|ﬁ,9>) + consty, if g € Co(X), g <0,

+00 else.

[Ra(- 10)],(9) =

— Remark. The latter theorem holds not only for compact X but also for X = R¢.
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DUAL FORMULATION

If X C RY compact, then the Fenchel-Rockafellar theorem yields the strong duality

(3) = f’!rlré%%cx)(f Dg,pV) — iln (((c —f® g)ﬁ,,u ® 1/)) + consty x. (4)
fdg<c
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DUAL FORMULATION

If X C RY compact, then the Fenchel-Rockafellar theorem yields the strong duality

(3) = f’!r]régzcx)(f Dg,pV) — iln (((c —f® g)ﬁ,,u ® 1/)) + consty x. (4)
fdg<c

For unique solution W?’A(,u,, v) of (2), and optimal dual potentials f.ge C(X) from (4):
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DUAL FORMULATION

THEOREM 5 (B., STEIN [2] — DUAL PROBLEM)

If X C RY compact, then the Fenchel-Rockafellar theorem yields the strong duality

(3) = f’gr]réecx&)(f Dg,pV) — iln (((c —f @g)ﬁ,u@) 1/>) + consty x. (4)
f@g<c

COROLLARY 6 (B., STEIN [2] — REPRESENTATION OF 72")

For unique solution ﬂ'?’)‘(,u, v) of (2), and optimal dual potentials f,g€ C(X) from (4):

PN 1
c — @A a—1
Tt = (A{ ) pOv.
(c=f@g) T, uev)

— Remark. We have: supp(m?")‘(,u, v)) = supp(p ® v) and uniqueness of (f,§) up to

additive constants.
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INTERPOLATION PROPERTIES

THEOREM 7 (B., STEIN [2] — INTERPOLATION PROPERTIES I)
For fized a € (0,1), we have

OT%,a(:“’ v) = OT(u,v) for A — o0

and
OT%’Q(,LL, v) = (c,u®@v) for A—0.
with
T (p, v) — argmin { Ry (7 | p@v) : m € U(p,v), (¢,m) = OT(u,v)}, A — 00,
Muv) = p@v,  A—0.
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INTERPOLATION PROPERTIES

THEOREM 8 (B., STEIN [2] — INTERPOLATION PROPERTIES II)
For fired A > 0, we have

OT%@(M, v) = OT(u,v) for a0

and
OT%’a(u, v) — OT%@(% v) fora /€ (0,1].
and
18N, v) = m € M(p,v) with (¢, ) = OT(u,v) a0, (5)
wMp,v) = 78 M p,v), o Sfd € (0,1]. (6)
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FIGURE 1: Transport polytope II(u,v) with the restricted transport polytope I1 (y, v/).
Convergence of 77 — 7, to the unregularized OT plan with o — 0 and v — oco. (Plot inspired
by Cuturi [3].)

Jonas Bresch Rényi regularized Optimal Transport September 18, 2024



TABLE OF CONTENTS

V. NUMERICAL EXPERIMENTS

Jonas Bresch Rényi regularized Optimal Transport September 18, 2024



NUMERICAL EXPERIMENTS - BETTER TRANSPORT PLANS

— &2 is not Lipschitz continuous in zero, but locally Lipschitz in

{m € I(p, v) & Tlsupp(uew) > 0} = H(i, v) Nint(dom h),

where h generates KLi divergence = modified mirror descent algorithm with Polyak

step size converges [5]. In each iteration one Sinkhorn projection is performed.
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NUMERICAL EXPERIMENTS - PREDICTING VOTER MIGRATION

True opt. voter flow Rényi-reg. opt. voter flow relative error

500 e
0 0 500 0 .
1 400 1 1 '
400 .
2 2 2
3 300 3 300 3 .
4 0 * 4 ’
200 .
5 5 5
6 100 ¢ 100 6 )
7 o 7 7 .
0 2 4 6 0 2 4 6 0 2 4 6
distance matrix | regularizer abs error + std KL error  mean squared error scalar
MEud KLy—1 | 2.4221 x 10! & 2.848 x 101 8.422 x 102 9.008 x 10*
T 10 9.409 + 1.529 x 10 3.173 x 102 2.063 x 10* 10
oT 1.845 x 10! + 2.358 x 101 7.655 x 102 5.738 x 10*
Ra=1,0=03 6.611 + 7.868 2.128 x 102 6.759 x 103
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Thank you for your attention!
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