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Let Sc := {z € C : |z] = 1} denote the (complex-valued) unit circle.

— Aim: recover a signal z = (Zn)nev € Sg on G from noisy measurements y := (yn)nev € Sc™.

Searching: minimizer of the TikHONOV-like regularized functional (nonconvex)
. w A,
argmin 3~ 2 fo, — yul® + 3 " fo, — )
z€S;  nev (n,m)eE
where w = (wn)nev € RY and X = (Atn,m))(n,mycr € RY are positive weights.
— simple equation: |z, — yn|2 = |mn|2 — 2R[znTn] + |yn|2 for z,,yn, € C.
— Exploiting: |z,| =1, and rewriting the nonconvex problem as

(%) = arg max Z wy, R[TnTn] + Z An,m) R[Zmxn].

N
zESE neVv (n,m)EE

Jonas Bresch e ng Techniques for Manifold Valued Data December 11, 2025



C-VALUED MODEL II

— Introducing: 7 = (r(n,m))(n,m)cE € CM, and rearranging the latter (nonconvex) problem into
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with
J(z,7) = — Z Wy, R[TnTn] — Z An,m) R n,m)]-

nev (n,m)eE
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— Introducing: 7 = (r(n,m))(n,m)cE € CM, and rearranging the latter (nonconvex) problem into

(x) = argmin J(z,7) st. T(nm) =TmTn ¥V (n,m) € FE
zesy ,recM

with
j(:L’, T) = Z Wn, éR[‘T'n:’jn] - Z )\(n,m) §R[""(n,m)]~

nev (n,m)eE

— Core idea: CONDAT’s convex relaxation!® encodes (nonconvex) = € SY as follows:

LEMMA 1 (BeINERT, B., STEIDLM)

Let n,m € V and (n,m) € E. Then Tn,Tm € Sc and 7(n,m) = TmTn if and only if

1 In Tm
Py = |8 1 Tum| €C°

Tm  T(n,m) 1

is positive semi-definite and has rank one.
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6] R. Meziat. In: J. Math. Sci. 116.3 (2003), pp. 3303-3324.
7l c. Carathéodory. In: Rendiconti del Circolo Matematico di Palermo (1884-1940) 32.1 (1911), pp. 193-217.
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C-VALUED MoDEL III

— Motivated by parameterization of the circle valued signal by measures on SZ, using 2d DIrACs on Sc,

— Like in the methods of moments!® going back tol™,

— Selection of finite number of their FOURIER coefficients for parametrization for definition of the
matriz of moments — method is called FOURIER lifting.

Proor oF LEMMA 1 (BEINERT, B., STEIDL[I])A

e Let x,,zm € S¢c and T(n,m) = TmTn,
e Then P, m) = (1,20, m)™ (1, s, 2m) has rank one and is positive semi-definite.
e Conversely, positive semi-definitness and the rank-one condition imply that P, ,,) has the form
da ab ac
P my = (a,b, c)H(a, b,c) = |ba bb ba for some a,b,ceC.

ca ¢b cc
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— Motivated by parameterization of the circle valued signal by measures on SZ, using 2d DIrACs on Sc,

— Like in the methods of moments!® going back tol™,

— Selection of finite number of their FOURIER coefficients for parametrization for definition of the
matriz of moments — method is called FOURIER lifting.

Proor oF LEMMA 1 (BEINERT, B., STEIDL[I])A

e Let x,,zm € S¢c and T(n,m) = TmTn,
e Then P, m) = (1,20, m)™ (1, s, 2m) has rank one and is positive semi-definite.
e Conversely, positive semi-definitness and the rank-one condition imply that P, ,,) has the form
aa ab ac
P my = (a,b, c)H(a, b,c) = |ba bb ba for some a,b,ceC.
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C-VALUED MoDEL III

— Motivated by parameterization of the circle valued signal by measures on SZ, using 2d DIrACs on Sc,
— Like in the methods of moments!® going back tol™,

— Selection of finite number of their FOURIER coefficients for parametrization for definition of the
matriz of moments — method is called FOURIER lifting.

Proor oF LEMMA 1 (BEINERT, B., STEIDL[I])A

e Let x,,zm € S¢c and T(n,m) = TmTn,
e Then P, m) = (1,20, m)™ (1, s, 2m) has rank one and is positive semi-definite.
e Conversely, positive semi-definitness and the rank-one condition imply that P, ,,) has the form
aa ab ac
P my = (a,b, c)H(a, b,c) = |ba bb ba for some a,b,ceC.
ca ¢b cc
e Comparison with the assumption yields |a| = [b] = |¢| =1

e Thus |z,| = |a||b] = 1, |zm| = |a||c| = 1 as well as 7(,,,;m) = €b = Caab = TmTn. 0

6] R. Meziat. In: J. Math. Sci. 116.3 (2003), pp. 3303—3324.
71 c. Carathéodory. In: Rendiconti del Circolo Matematico di Palermo (1884-1940) 32.1 (1911), pp. 193-217.
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'TALUED MODEL III

— Based on Lemma 1, the nonconvex problem becomes

(x) = argmin J(z,7) s.t. Ppm) = 0and rk(Pmy) =1 V(n,m) € E
zeCN recM
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C-VALUED MoDEL III

— Based on Lemma 1, the nonconvex problem becomes

*x) = argmin J(x,r) s.t. P, > 0 and rk(P, =1 VY(n,m)eFk
(n,m) = (n,m)
zeCN,recM

— Neglecting: The rank-one constraint, CONDAT (2022)"! proposes to solve the relaxation:

relaxed complex model

argmin J(z,7) st. Py, =0 V(n,m)eE.

zeCN recM
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C-VALUED MoDEL III

— Based on Lemma 1, the nonconvex problem becomes

(x) = argmin J(z,7) s.t. Ppm) = 0and rk(Pmy) =1 V(n,m) € E
zeCN recM

— Neglecting: The rank-one constraint, CONDAT (2022)"! proposes to solve the relaxation:

relaxed complex model

argmin J(z,7) st. Py, =0 V(n,m)eE.

zeCN ,recM

— Now: The relaxed complex model is a convex optimization problem, we can apply standard

methods from convex analysis.
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FIRST IDEA FOR THE 1-SPHERE, R2-VALUED MODEL I

— Aim: Generalization via R? <= S; :== {z € R? : ||z|| = 1} =~ S¢.
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FIRST IDEA FOR THE 1-SPHERE, R2-VALUED MODEL I

— Aim: Generalization via R? <= S; :== {z € R? : ||z|| = 1} =~ S¢.
— We aim to solve the following nonconvex denoising problem

. W, An,m
argmin Y = [lzn — yull* + 3 S5 @n — @l (1)
zesy nev (n,m)eEE

Jonas Bresch e Techniques for Manifold Valued Data ecember 11, 2025



FIRST IDEA FOR THE 1-SPHERE, R2-VALUED MODEL I

— Aim: Generalization via R? <= S; :== {z € R? : ||z|| = 1} =~ S¢.

— We aim to solve the following nonconvex denoising problem

. Wn, 2 A('n,m) 2
argmlnz 5 lzn — ynll +ZT [zn — @ml” (1)
zesy  pev (n,m)eEE

— Realizing the complex multiplication using the matrix representation of z € C P!

R[z] —S[z R[zx
M(z) = M(z) = [‘Ju %[Ll]] = M (z)x = ot = [%Lwﬂ .
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FIRST IDEA FOR THE 1-SPHERE, R2-VALUED MODEL I

— Aim: Generalization via R? <= S; :== {z € R? : ||z|| = 1} =~ S¢.

We aim to solve the following nonconvex denoising problem

. Wn 2 A(’n,m) 2
argmin 3 2 o~y + 30 20 o, — a2 )
zesy  pev (n,m)eEE

Realizing the complex multiplication using the matrix representation of z € C 3l
R -< R[zx
M(z)=M(z) = [‘JE m[z]] = M (z)x = 2t = [%LEH .

— Introducing: T(n,m) = M(mm)Tmn c Rz, yields the real of the complex-valued version:

()= argmin  J(z,7) st. Pum) = M(@m) . Y(n,m)€E
zesl,re(®2)M

with J(x,7) = =3, o Wn (Tn, Yn) — Z(n’m)eE Anym) R[P(n,my]-
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RELATED R2-VALUED MODEL II

LEMMA 2 (BEINERT, B., STEIDLM)

Let n,m € V and (n,m) € E. Then Tn,Tm € S1 and 7 (,,m) = M (xm) @n if and only if the block matriz

Iy M(z,) M (zm)
Py = | M@ I Mgm)T | e RO¥C
M(zm)" M (7(p,m)) I

is positive semi-definite and has rank two.
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RELATED R2-VALUED MODEL II

LEMMA 2 (BEINERT, B., STEIDL)

Let n,m € V and (n,m) € E. Then Tn,Tm € S1 and 7 (,,m) = M (xm) @n if and only if the block matriz

Iy M(z,) M (zm)
Py = | M@ I Mgm)T | e RO¥C
M(zm)" M (7(p,m)) I

is positive semi-definite and has rank two.

ProoF oF LEMMA 2 (BEINERT, B., STEIDL“]).
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RELATED R2-VALUED MODEL II

LEMMA 2 (BEINERT, B., STEIDL)

Let n,m € V and (n,m) € E. Then Tn,Tm € S1 and 7 (,,m) = M (xm) @n if and only if the block matriz

Iy M(z,) M (zm)
Py = | M@ I Mgm)T | e RO¥C
M(zm)" M (7(p,m)) I

is positive semi-definite and has rank two.

ProoF oF LEMMA 2 (BEINERT, B., STEIDL“]).

e Using SCHUR’s theorem to neglect the M (-) and translate the positive semidefiniteness.
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RELATED R2-VALUED MODEL II

LEMMA 2 (BEINERT, B., STEIDL)

Let n,m € V and (n,m) € E. Then Tn,Tm € S1 and 7 (,,m) = M (xm) @n if and only if the block matriz

Iy M(z,) M (zm)
Py = | M@ I Mgm)T | e RO¥C
M(zm)" M (7(p,m)) I

is positive semi-definite and has rank two.

ProoF oF LEMMA 2 (BEINERT, B., STEIDL“]).

e Using SCHUR’s theorem to neglect the M (-) and translate the positive semidefiniteness.

e The rank property, is, due to the I, a “lowest”™rank property, such that the SCHUR complement is a
full-zero block. m
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RELATED R2-VALUED MODEL II

LEMMA 2 (BEINERT, B., STEIDL)

Let n,m € V and (n,m) € E. Then Tn,Tm € S1 and 7 (,,m) = M (xm) @n if and only if the block matriz

Iy M(z,) M (zm)
Py = | M@ I Mgm)T | e RO¥C
M(zm)" M (7(p,m)) I

is positive semi-definite and has rank two.

ProoF oF LEMMA 2 (BEINERT, B., STEIDL“]).

e Using SCHUR’s theorem to neglect the M (-) and translate the positive semidefiniteness.

e The rank property, is, due to the I, a “lowest”™rank property, such that the SCHUR complement is a
full-zero block. m

— Worth mentioning that both problems, the complex- and real-valued (relaxed) problems are

equivalent.
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SIMPLIFIED R2-VALUED MODEL

— Notice: The second components of (5, ) = M (2m) 2, in the relaxed real model originate

form the complex-valued model.
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SIMPLIFIED R2-VALUED MODEL

— Notice: The second components of (5, ) = M (2m) 2, in the relaxed real model originate
form the complex-valued model.
— Claim: Equivalent real-valued problem

argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m) €E (*)
zeslV eerM

With K(m,ﬂ) = - Znev Wn <93n7 yn) — E(n,m)GE )\(n,m) E(n,m)~

Jonas Bresch e Techniques for Manifold Valued Data ecember 11, 2025



SIMPLIFIED R2-VALUED MODEL

— Notice: The second components of (5, ) = M (2m) 2, in the relaxed real model originate
form the complex-valued model.
— Claim: Equivalent real-valued problem
argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m) €E (*)
zeslV eerM
with K(z,£) = =3 ,.cy wn (Tn, yn) — E(n,m)gE An,m) Ln,my.-
— Encoding: The nonconvex constraints &, € S1 and £(,,m) = (Tn, Zm) for all (n,m) € E:
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SIMPLIFIED R2-VALUED MODEL

— Notice: The second components of (5, ) = M (2m) 2, in the relaxed real model originate
form the complex-valued model.
— Claim: Equivalent real-valued problem
argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m) €E (*)
zeslV eerM
with ’C(m,ﬂ) = ZnEV Wn <33n7 yn) - E(n,m)eE )‘(n,m) e(n,m)-
— Encoding: The nonconvex constraints &, € S1 and £(,,m) = (Tn, Zm) for all (n,m) € E:

LemMmA 3 (BEINERT, B., STEIDL“])

Let n,m € V and (n,m) € E. Then ®n,Tm € S1 and £y, m) = (Tn, Tm) if and only if

Iy Tn Ein,
Qn,my = 0 and 1k(Q(n,m)) = 2, where Qnm) = [’”E U Ly | € RPY
x,., E(nym) 1
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SIMPLIFIED R2-VALUED MODEL

— Notice: The second components of (5, ) = M (2m) 2, in the relaxed real model originate
form the complex-valued model.
— Claim: Equivalent real-valued problem
argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m) €E (*)
zeslV eerM
with ’C(m,ﬂ) = ZnEV Wn <33n7 yn) - E(n,m)eE )‘(n,m) e(n,m)-
— Encoding: The nonconvex constraints &, € S1 and £(,,m) = (Tn, Zm) for all (n,m) € E:

LemMmA 3 (BEINERT, B., STEIDL“])

Let n,m € V and (n,m) € E. Then ®n,Tm € S1 and £y, m) = (Tn, Tm) if and only if

Iy Tn Ein,
Qn,my = 0 and 1k(Q(n,m)) = 2, where Qnm) = [’”E U Ly | € RPY
x,., E(nym) 1

(x) = argmin K(x,£) st. Qum) =0 and rk(Qu,m)) =2

zesl eerM
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SIMPLIFIED R2-VALUED MODEL

— Again: Neglect the rank-two constraint, we propose our simplified relaxed real model:

argmin = K(x,£) st. Qu,m) =0 VY(n,m)eE. (%)
xc(R2)N gcRM
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SIMPLIFIED R2-VALUED MODEL

— Again: Neglect the rank-two constraint, we propose our simplified relaxed real model:

argmin = K(x,£) st. Qu,m) =0 VY(n,m)eE. (%)
xc(R2)N gcRM

— Our convex model is simpler w.r.t. to the dimension of the matrix representation than

arg min J(@,r) st. Py, =0 Y(n,m)ekE, (1)

xc(R2)N re(R2)M
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SIMPLIFIED R2-VALUED MODEL

— Again: Neglect the rank-two constraint, we propose our simplified relaxed real model:

argmin = K(x,£) st. Qu,m) =0 VY(n,m)eE. (%)
xc(R2)N gcRM

— Our convex model is simpler w.r.t. to the dimension of the matrix representation than

arg min J(@,r) st. Py, =0 Y(n,m)ekE, (1)

xc(R2)N re(R2)M

THEOREM 4 (BEINERT, B., STEIDLlll)

Both models are equivalent in the following sense:
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SIMPLIFIED R2-VALUED MODEL

— Again: Neglect the rank-two constraint, we propose our simplified relaxed real model:

argmin = K(x,£) st. Qu,m) =0 VY(n,m)eE. (%)
xc(R2)N gcRM

— Our convex model is simpler w.r.t. to the dimension of the matrix representation than

arg min J(@,r) st. Py, =0 Y(n,m)ekE, (1)

xc(R2)N re(R2)M

THEOREM 4 (BEINERT, B., STEIDLlll)

Both models are equivalent in the following sense:
(i) If (&,7) solves (t), then (&, R[7]) solves (*).
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SIMPLIFIED R2-VALUED MODEL

— Again: Neglect the rank-two constraint, we propose our simplified relaxed real model:

argmin = K(x,£) st. Qu,m) =0 VY(n,m)eE. (%)
xc(R2)N gcRM

— Our convex model is simpler w.r.t. to the dimension of the matrix representation than

arg min J(@,r) st. Py, =0 Y(n,m)ekE, (1)

xc(R2)N re(R2)M

THEOREM 4 (BEINERT, B., STEIDLlll)

Both models are equivalent in the following sense:
(i) If (&,7) solves (t), then (&, R[7]) solves (*).
(i) If (2,£) solves (%), then (&,7) with % m) = Ein,m)s SIM (Zm) &))" solves (1).
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SIMPLIFIED R2-VALUED MODEL

— Again: Neglect the rank-two constraint, we propose our simplified relaxed real model:

argmin = K(x,£) st. Qu,m) =0 VY(n,m)eE. (%)
xc(R2)N gcRM

— Our convex model is simpler w.r.t. to the dimension of the matrix representation than

arg min J(@,r) st. Py, =0 Y(n,m)ekE, (1)

xc(R2)N re(R2)M

THEOREM 4 (BEINERT, B., STEIDLlll)

Both models are equivalent in the following sense:
(i) If (&,7) solves (t), then (&, R[7]) solves (*).
(i) If (2,£) solves (%), then (&,7) with % m) = Ein,m)s SIM (Zm) &))" solves (1).

COROLLARY 5

All proposed methods are equivalent.
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— Main advantage: the simplified relaxed real model is simple to generalize to
(d — 1)-dimensions; let S4_1 = {& € R? : ||| = 1}.
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The original nonconvex problem reads as

argmin 2 % o~y + 30 22 o, —
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Main advantage: the simplified relaxed real model is simple to generalize to
(d — 1)-dimensions; let S4_1 = {& € R? : ||| = 1}.
The original nonconvex problem reads as

argmin 2 % o~y + 30 22 o, —
weSd 1 nev (n, m)eE

= argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m)EE
zesh | eerM
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— Main advantage: the simplified relaxed real model is simple to generalize to
(d — 1)-dimensions; let Sy_; = {& € R : ||| = 1}.
— The original nonconvex problem reads as

argmin 3 5 [|en — ya* + 3 5 ““") |0 — 2
mESd 1 nev (n, m)EE

= argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m)EE
zesh | eerM

LEMMA 6 (BEINERT, B., STEIDL[ZI)

Let n,m € V and (n,m) € E. Then Ty, Tm € Sa—1 and £, m) = (@Tn, Tm) if and only if the block matriz

Tn Tm

Id
Q(n m) ‘= |: 1 £(n,m)

Llmy 1

€ R+ X(d+2)

is positive semi-definite and has rank d.
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— Main advantage: the simplified relaxed real model is simple to generalize to
(d — 1)-dimensions; let Sy_; = {& € R : ||| = 1}.
— The original nonconvex problem reads as

argmin 2 % o~y + 30 22 o, —
2e8) | nev (n, m)eE

= argmin K(z,£) st. Lpm) = (Tn, Tm) Y(n,m)EE
zesh | eerM

LEMMA 6 (BEINERT, B., STEIDL[ZI)

Let n,m € V and (n,m) € E. Then Ty, Tm € Sa—1 and £, m) = (@Tn, Tm) if and only if the block matriz

Id T, Tim,
Qn,m) = L 2nm) | @ RUTDX(EHD)
e<n my 1
is positive semi-definite and has rank d.
Convex relaxed TIKHONOV problem: argmin  K(z,£) s.t. Qn,m) = 0.

N M
zeSy | LER
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GENERAL M-SETTING

— Let us stress to have a common embedding M < R for some dimension dy € N

[8]  Masahisa Adachi. Vol. 124. Translations of Mathematical Monographs. Providence, RI, USA: AMS, 1993, pp. x +
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GENERAL M-SETTING

— Let us stress to have a common embedding M < R for some dimension dy € N
— For instance: Any smooth real m-dimensional manifold (by WHITNEY’s embedding theoremlsl).
— We consider noisy data y = (Yn)nen which might be not M-valued. We aim to solve

1 A
R D LN LRI S A )
zeMN nev (n,m)ev

[8]  Masahisa Adachi. Vol. 124. Translations of Mathematical Monographs. Providence, RI, USA: AMS, 1993, pp. x
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GENERAL M-SETTING

Let us stress to have a common embedding M — R for some dimension dy € N

— For instance: Any smooth real m-dimensional manifold (by WHITNEY’s embedding theoremlsl).

— We consider noisy data y = (Yn)nen which might be not M-valued. We aim to solve

1 A
R D LN LRI S A )
zeMN nev (n,m)ev

Consider rewriting of (x) by using

%H“’n - yn||2 = %Un — (@, Yn) + const. if ||wn||2 = v,.

[8]  Masahisa Adachi. Vol. 124. Translations of Mathematical Monographs. Providence, RI, USA: AMS, 1993, pp. x
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GENERAL M-SETTING

Let us stress to have a common embedding M — R for some dimension dy € N
— For instance: Any smooth real m-dimensional manifold (by WHITNEY’s embedding theoremlsl).
— We consider noisy data y = (Yn)nen which might be not M-valued. We aim to solve

A
argmlnfzﬂmn ynll? +* Z Zn — @m | (*)

zeMN 2 oy (n,m)EV

Consider rewriting of (x) by using

%”“’n - yn||2 = %Un — (®n,Yn) + const. if ||wn||2 = v,.

— Utilizing the latter, yields

2
v, = ||
(%) = arg min E (% — (@n,yn)) + A E (% + % — £, ) st n = [leall,
zeM?, ey (nam)eV Linm) = (Tn, Tm)
vER L |
LeR® =K (x,v,L)

[8]  Masahisa Adachi. Vol. 124. Translations of Mathematical Monographs. Providence, RI, USA: AMS, 1993, pp. x

1 Valued Data




GENERAL M-SETTING

Let us stress to have a common embedding M — R for some dimension dy € N

— For instance: Any smooth real m-dimensional manifold (by WHITNEY’s embedding theoremlsl).
— We consider noisy data y = (Yn)nen which might be not M-valued. We aim to solve

A
argmlnfzﬂmn ynll? +* Z Zn — @m | (*)

zeMN 2 oy (n,m)EV

Consider rewriting of (x) by using
e, — yal® = v, — (Tn,yn) + const. if 1 |* = vn.
— Utilizing the latter, yields

(*):argminz( —(Tn,Yn)) + A z (% + 2 —Lnmy) st {

N
weMN, nev (n,m)ev
vERY, | 1
LER® =:K(z,v,2)

vn = [l %,

‘e(n,m) = <mn7mm>

— Novel matrix representations @, m) yields[l]m [3114]

(x) = arg min K(z,v,£) st. Qu,m) = 0,min. tk(Qn,m)) V(n,m) € E

xcRIXN HcRN LcR®

[8]  Masahisa Adachi. Vol. 124. Translations of Mathematical Monographs. Providence, RI, USA: AMS, 1993, pp. x

Manifold Valued Data December 11



OVERVIEW OF NEW MATRIX M-REPRESENT

M Embedding Qnm,(n,m) € E Remark
Ig @ @m for d = 2 equivalent to (CONDAT, 2022) via
Sa—1 R4 z;, 1 (@n,@m) :| 1w, d Zom ( ’ )
5, (®n,Tm) 1 Zn 1 Tam) | € C3%3 ~ ROX6
Tm Tmy 1 -
I, xn &, @m Fm
@) enll? -1 (@n@m) n(@n,@m) -
Hy R e, -1 lenl?  n@nemn) @nwm) | €= (N1,..., 04, —Mat1) € RIT!
@3, (@n,@m) n(@n,em) l@ml? -1
5, (@, ®m) (Tn,@m) -1 llm 11
1 @ @,
Sg R? @n Ig+(Tn,i®n j) izt TpEy,
Ton znx), Ig+(Tm,iTm,j)iztj
Iy Tn Tm
Ty R2*d [m; Lyt (@, i@, 5))izs @)@ ] Ty~ xS
), @), Ty Ig+((@m, i@, j))izts
I, @, @m
Va(k) RAxF {wn I, m:,zm] Va(l) =~ Sa—1
@k ataen I
SO(3) Q(8) < S3 ~ Sy other dimensions are employable.
I, T T
SE(2) S xR?cCR* {EZ I mnwm] other dimensions are employable.
or o
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— The TikHONOV regularization (as in the latter section) is suitable for smooth signals.
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Manifold Valued Data



FroM TIKHONOV TO

— The TikHONOV regularization (as in the latter section) is suitable for smooth signals.

— We want to recover piecewise constant signals from noisy measurements.

— For this reason, we replace the squared EUCLIDEAN norm of the regularizer by the
Manhattan norm.

Yielding an anisotropic TOTAL VARIATION (TV) regularization:
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FromMm TikHONOV TO TV

— The TikHONOV regularization (as in the latter section) is suitable for smooth signals.

— We want to recover piecewise constant signals from noisy measurements.

— For this reason, we replace the squared EUCLIDEAN norm of the regularizer by the
Manhattan norm.

Yielding an anisotropic TOTAL VARIATION (TV) regularization:

o1 .
argmin Z |Zn — ynll3 + uTV(x) with TV(z):= Z |zn — m]|1- (*)
weMN 2 ) (n.m)€E
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FromMm TikHONOV TO TV

— The TikHONOV regularization (as in the latter section) is suitable for smooth signals.

— We want to recover piecewise constant signals from noisy measurements.

— For this reason, we replace the squared EUCLIDEAN norm of the regularizer by the
Manhattan norm.

Yielding an anisotropic TOTAL VARIATION (TV) regularization:

o1 .
argmin Z |Zn — ynll3 + uTV(x) with TV(z):= Z |zn — m]|1- (*)
zeMN nev (n,m)€E
— Using the property of the squared 2-norm again, we obtain

K(x,v) = Z(%‘ — (@, yn)) + pTV(x) with (¥) = argmin K(z,v) st v, = |z >

nev zeMN veRN
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FromMm TikHONOV TO TV

The TIKHONOV regularization (as in the latter section) is suitable for smooth signals.

— We want to recover piecewise constant signals from noisy measurements.

— For this reason, we replace the squared EUCLIDEAN norm of the regularizer by the
Manhattan norm.

Yielding an anisotropic TOTAL VARIATION (TV) regularization:

o1 .
argmin Z |Zn — ynll3 + uTV(x) with TV(z):= Z |zn — m]|1- (*)
zeMN nev (n,m)€E
— Using the property of the squared 2-norm again, we obtain

K(x,v) = Z(%‘ — (@, yn)) + pTV(x) with (%)= argmin K(z,v) st v, = |z

nev zeMN veRN

Let M be one of the considered manifolds, du € N the dimension of the used embedding in the Euclidean
vector space and ®, € R™. Then, @n, €m € M for (n,m) € E iff Vo or Qn,m) = 0 with minimal rank.
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FromMm TikHONOV TO TV

The TIKHONOV regularization (as in the latter section) is suitable for smooth signals.

— We want to recover piecewise constant signals from noisy measurements.

— For this reason, we replace the squared EUCLIDEAN norm of the regularizer by the
Manhattan norm.

Yielding an anisotropic TOTAL VARIATION (TV) regularization:

o1 .
argmin Z |Zn — ynll3 + uTV(x) with TV(z):= Z |zn — m]|1- (*)
zeMN nev (n,m)€E
— Using the property of the squared 2-norm again, we obtain

K(x,v) = Z(%‘ — (@, yn)) + pTV(x) with (%)= argmin K(z,v) st v, = |z

nev zeMN ,veRN
Let M be one of the considered manifolds, du € N the dimension of the used embedding in the Euclidean
vector space and ®, € R™. Then, @n, €m € M for (n,m) € E iff Vo or Qn,m) = 0 with minimal rank.

— Convexifying the M-valued domain, we propose our relaxed, convex problem:
arg min K(z,v) st. Vo,>=0 foral nevV. (1)

2R XN HeRN
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TIGHTNESS FOR THE BINARY CONVEXIFICATION

— If M = S¢ the relaxed problem (1) becomes a tight convexification of the nonconvex problem (x).
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TIGHTNESS FOR THE BINARY CONVEXIFICATION

— If M = S¢ the relaxed problem (1) becomes a tight convexification of the nonconvex problem (x).
— Consider first the case d = 1); for arbitrary d € N the same can be proven!* (coordinate-wise).

— We introduce the characteristic x, regarding the level n € [—1,1] =: By of a signal

T = (Tn)nev € BY
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TIGHTNESS FOR THE BINARY CONVEXIFICATION

— If M = S¢ the relaxed problem (f) becomes a tight convexification of the nonconvex problem (x).
— Consider first the case d = 1); for arbitrary d € N the same can be proven!* (coordinate-wise).
— We introduce the characteristic x, regarding the level n € [—1,1] =: By of a signal
x = (Tn)nev € BY
1 if ey, > 1,

Xn(®) = (Xn(Tn))nev with Xn(Tn) = .
-1 ifx, <n.

Jonas Bresch e Techniques for Manifold Valued Data ecember 11, 2025



TIGHTNESS FOR THE BINARY CONVEXIFICATION

— If M = S¢ the relaxed problem (1) becomes a tight convexification of the nonconvex problem (x).

Consider first the case d = 11?I; for arbitrary d € N the same can be proven! (coordinate-wise).

— We introduce the characteristic x, regarding the level n € [—1,1] =: By of a signal
T = (Tn)nev € BY
1 if ey, > 1,

Xn(®) = (Xn(Tn))nev with Xn(Tn) = .
-1 ifx, <n.

— Remark: For any @ := (€,)nev € BY, the characteristic x, () is a binary signal.
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TIGHTNESS FOR THE BINARY CONVEXIFICATION

— If M = S¢ the relaxed problem (1) becomes a tight convexification of the nonconvex problem (x).

Consider first the case d = 11 for arbitrary d € N the same can be proven!?! (coordinate-wise).
— We introduce the characteristic x, regarding the level n € [—1,1] =: By of a signal
x = (Tn)nev € BY

1 if ey, > 1,

Xn(®) = (Xn(Tn))nev with Xn(Tn) = .
-1 ifx, <n.

— Remark: For any @ := (€,)nev € BY, the characteristic x, () is a binary signal.

LEmMA 7 (BeNert, B.12)

For @, xm € By, it holds |Tn — m| = 3 f IXn(Tn) — xn(Zm)| dn.
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TIGHTNESS FOR THE BINARY CONVEXIFICATION

— If M = S¢ the relaxed problem (1) becomes a tight convexification of the nonconvex problem (x).

Consider first the case d = 11 for arbitrary d € N the same can be proven!?! (coordinate-wise).
— We introduce the characteristic x, regarding the level n € [—1,1] =: By of a signal
x = (Tn)nev € BY

1 if ey, > 1,

Xn(®) = (Xn(Tn))nev with Xn(Tn) = .
-1 ifx, <n.

— Remark: For any @ := (€,)nev € BY, the characteristic x, () is a binary signal.

LEmMA 7 (BeNert, B.12)

For @, xm € By, it holds |Tn — m| = 3 f IXn(Tn) — xn(Zm)| dn.

THEOREM 8 (BEINERT, B.m)

Let & € BY be a solution of (1) for d=1. Then, x,(&) is a solution of () for almost all n € [—1,1].
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PRrROOF OF THE CONCEPT I

T

ol

T

T
0 200

T
400

T T . T
600 800 1000

— synthetic, smooth signal (€y)ncv on the line graph.

— noisy observation (yn)ncv are generated using the voN MISES—FISHER distribution by

Yn ~ Nomr(n, k) for all n € V, where k > 0 is the capacity, here k = 10.

mean time iter. parameters reg. parameters
PMM on relaxed complex 107° 2.10 201 7=0.1,0= (47‘)71
ADMM on relaxed real 10712 1.83 182 p=3 Wn =1, A(n,m) = 25
ADMM on simp. relaxed real 10713 1.77 181 p=3
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HE CONCEPT II -

mean time iter. parameters reg. parameters
PMM on relaxed complex 107% 74718 5536 7T =0.1,0 = (87)" '
ADMM on relaxed real 104 389.01 2457 p =20 Wn, =1, A(n,m) =1

ADMM on simp. relaxed real 1074 301.08 1943 p =20

Techniques for 1 Valued Data



Ficure 2: Hue experiment: Ground truth (left), noisy observation with x = 10 (middle), and denoised version
(right) ADMM has been employed with wn, =1, A( m) = 2, and p = 20.




PROOF OF THE CONCEPT III - TIKHONOV REGULARIZATION
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Fiaure 3: SO(3)-valued image graph: Ground truth (left), noisy observation with x1 := 30 and k3 := 5 (middle),
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and denoised version (right) The rotations are visualized by operating on a colored 3d cone. The entire signal

consists of 90 x 90 pixel, where only every third pixel from the 25th to the 75th pixel is visualized. The parameters

have been wn =1, A(n 1) =1, and p = 3.
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BINARY AND S;{-SIGNAL DENOISING - TV REGULARIZATION

Fi1cure 4: Averages for 50 randomly generated QR codes for
different noise levels.

S . signal errors time distance
I Algorithm & A
MSE MIoU (sec.)  to sphere
oS fast-TVIl 0.00036 0.99734 0.7 <0.1 0.07879
@ ANISO-TV!®  0.00112 0.97495 1.9 1.8 0.00122
ADMM-TV 0.00036 0.99734 0.7 1.1 0.00000
NS fast-TV 0.00069 0.99018 1.0 <0.1 0.10021
@ ANISO-TV 0.00190 0.92942 24 19 0.00732
ADMM-TV 0.00069 0.99030 1.0 1.1 0.00000
a2 fast-TV 0.00106  0.97741 1.7 <0.1 0.12263
Q ANISO-TV 0.00263 0.86956 29 21 0.01445
ADMM-TV 0.00106 0.97753 1.7 1.2 0.00000

lal  Laurent Condat. 2012. URL: https://hal . science/hal -
00675043, Laurent Condat. In: IEEFE Signal Process. Lett. 20.11
(2013), pp. 1054-1057.
] Rustum Choksi, Yves van Gennip, and Adam Oberman.
arXiv:1007.1035. 2017.

Jonas Br:

Manifold Valued Data

Ficure 5: Averages for 20 randomly generated

noisy instances of the ground truth for different

noise levels.

€ . signal error time  distance
| Algorithm
MSE (sec.)  to sphere
CPPA-TV  0.00076 015 1282 —

B fast-TVE 0.00056 0.25 <0.1 0.00055
ADMM-TV  0.00043 02 43 0.00000
CPPA-TV  0.00198 025 166.1 —

& fast-TV 0.00199 025 <0.1 0.00098
ADMM-TV  0.00107 03 6.2 0.00000
CPPA-TV  0.00409 055 191.7 —

S fast-TV 0.00388 025 <0.1 0.00155
ADMM-TV  0.00218 0.45 10.5  0.00000

e R. Bergmann et al. In: SIAM J. Imaging Sci. 7.4

(2014), pp. 2916-2953

December 11,



https://hal.science/hal-00675043
https://hal.science/hal-00675043

COMPARISON OF BINARY IMAGES - TV REGULARIZATION

0 25 s 75 100 125 150 175 0 25 so 75 10 125 150 175

Ficure 6: QR code denoising example: (i) ground
truth, (ii) noisy data (o = v/2-0.5), (iii) ADMM-TV
(A =1.0, p = 0.1) without projection, (iv)
ANISO-TV (X = 1.6) with projection xo, (v)
fast-TV (A = 1.0) without projection, (vi) fast-TV
(A = 1.0) with projection xo.

Denoising Techniques for Manifold Valued Data December 11, 2025
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Fiaure 7: Toy-data example for Si-image denoising (from left to right):
(i) ground truth, (ii) noisy measurement generated by the von Mises—FisHER distribution with x = 10, (iii)
solution via ADMM-TV (X = 0.55, p = 10) without final projection.

18] Example following Robin Kenis, Emanuel Laude, and Panagiotis Patrinos. arXiv

308.00079. 2023

Jonas Bresch ng Techniques for Manifold Valued Data



25 50 75 100 125 150 175 25 50 75 100 125 150 175 25 50 75 100 125 150 175

Ficure 8: Chromaticity-denoising for the coral image from in the RGB color space (from left to right): (i) ground
truth, (ii) noisy measurement generated by the von Mises-FisHER distribution with capacity x = 200, (iii)
solution via proposed model without final projection and with MSE 9.46 - 10~ and averaged distance to the
sphere 1.34 - 1076,

December
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Fiaure 9: Denoising of a synthetic SO(3)-image (90 x 90 pixels) (from left to right, downsampled results): (i)

10 for

10 for the rotation axis. (iii) solution proposed model without final projection and

with MSE 5.889 - 103 and averaged distance to the unit quaternions 1.45-107.

ground truth, (ii) noisy measurement generated by the von Mises—FIsHER distribution with capacity x1

the rotation angles and kg




Ficure 10: Multi-color QR code denoising from left to right): ground truth (first), corrupted image by
(3-dimensional) GAUSSIAN noise with standard deviation v/2 - 0.5 (second), restoration and the restoration error
(forth). The mean absolute distance of the restored pixels to Sg is in order of 1077, i.e., here a solution of the
non-convex TV model without the proven projection procedure.

Jonas Bresch

ng Techniques for Manifold Valued Data
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GAUSSIAN IMAGE PROCESSING — USING THE Hy

— Series of K noisy instances, assume each pixel a:E j) follows a GAUSsIAN distribution.

91 R. Beinert and J. Bresch. arXiv:2506.22826. 2025.




AN IMAGE PROCESSING — USING THE Hy

— Series of K noisy instances, assume each pixel a:E j) follows a GAUSsIAN distribution.

— Empirical mean and variance may be estimated

1 1 &

. k - k) _ -

Wig = 37 E mg,ﬂ & = i7d E (355]) — i)™ (1)
k=1

91 R. Beinert and J. Bresch. arXiv:2506.22826. 2025.
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GAUSSIAN IMAGE PROCESSING — USING THE Hy

— Series of K noisy instances, assume each pixel a:E j) follows a GAUSsIAN distribution.

— Empirical mean and variance may be estimated

K

. 1 k - k) -

fug = e Dm0 Z (i) — fij)*. (1)
k=1

— Set of GAUssIANS N (p, o) parameterized by (u,0) € R X Rs¢ and equipped with the so-called
FISHER metric is isometric to the hyperbolic space Ha.

91 R. Beinert and J. Bresch. arXiv:2506.22826. 2025.
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GAUSSIAN IMAGE PROCESSING — USING THE Hy

— Series of K noisy instances, assume each pixel a:E j) follows a GAUSsIAN distribution.

— Empirical mean and variance may be estimated

K

. 1 k - k) -

fug = e Dm0 Z (i) — fij)*. (1)
k=1

Set of GAUSSIANS N (u, o) parameterized by (u,0) € R X Rso and equipped with the so-called

FISHER metric is isometric to the hyperbolic space Ha.

— The isometry is given by m3 oma o my: N — Hy = {€ € R® : €2 + £3 — ¢2 = —1, &3 > 0} with!”

1 N — PZ: (#7 U) = %(l‘lﬂ \/ia)T7 (23’)
T

m2: Pa — Do, Yy m@yl,ﬂyﬂg—l) ) (2b)

m3: Do _>H27 y'_> Hy”2 (2y1a2y271+ ”y” ) (QC)

91 R. Beinert and J. Bresch. arXiv:2506.22826. 2025.
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Jalued Data

Ficure 11:
Empirical mean (top)
and standard
deviation (bottom)
for the Brandenburg
Gate image. Here,

K = 20 shots are
randomly sampled by
adding white noise
with ¢ = 0.15. The
empirical quantities
are shown on the left,
the TikHONOV
denoised images in
the middle, and the
TV denoised images
on the right.




Ficurge 12: Clearing the
estimated mean (top)
and standard deviation
(bottom) of K = 20
I e e e retina scans. Leftmost:
the 1st (top) and 20th
(bottom) image of the
retina scans. TIKHONOV
(left) TV denoised

(right).
TV-model PDRAII
SNR(i) SNR(6) p K MAE n = —1 time (sec.) | SNR(4) SNR(6) « time (sec.)
6.121 12.211  0.05 2.61-10° 4.73.1074 160 5.963 12.400 0.1 120
6.001 12.369  0.10 2.54-10° 4.78 1074 180 5.911 12.618 0.3 140
5.986 12.301 0.15 1.81-10° 4.47-10714 190 5.874 12.748 0.5 280
5.966 12.455 0.20 1.19-10° 4.67-10"4 220 5.843 12.849 0.7 430

ol R, Bergmann, J. Persch, and G. Steidl. In: STAM J. Imaging Sci. 9.3 (2016), pp. 901-937.
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TORUS-VALUED IMAGE PROCESSING

Ficure 13: Comparison of both ansétze: TikHoNov-like (second from the right) and TV-like (first from the right)
for Ty >~ S; X Sy-valued images. Ground-truth (first from the left) and noisy image (second from the left) by von
Mises—FiscHER-distribution (x = 10). The plateau effect due to the isotropic TV can be observed. Visualized by
the periodic angles: first the arrow, second the colour.

Jonas Bresch e g Techniques for Manifold Valued Data December 11, 2025



STIEFEL-VALUED SIGNAL PROCESSING

Ficure 14: Restoration of a V3(2)-valued signal (from left to tight): ground truth (left), noisy measurement
(middle left), and restored signal (convexified TV model and convexified TikHoNOV model). In both cases the
mean absolute distance of the norm of the recovered basis vectors to one is of order 10~2, the mean absolute
distance of the inner product between the recovered basis vectors to zero is of order 10~4.

December 11,




Thank you for your attention!
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