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Sp: R2 - R, x — (x,0), x € R2.
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2D Radon Transfrom on Functions vs. on Measures
— For 0 € Sy == {x € R? | ||x|| = 1}, define the slicing operator

Sp: R2 - R, x — (x,0), x € R2.

— with inverse S(;l(t) = {t0 + 10+ | T € R} C R2.
- Let f € L1(R?), its Radon transform R[f]: R x S1 — R is
the line integral, here ds denotes the arc length of Se_l(t)

RIf1(,0) = / f(s)ds, (t,0) €R xSy,
S5t ()
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2D Radon Transfrom on Functions vs. on Measures
For 8 € S; = {x € R? | ||x|| = 1}, define the slicing operator

Measure in P(R x §')

Sp: R2 - R, x — (x,0), x € R2.

— with inverse S(;l(t) = {t0 + 10+ | T € R} C R2.
Let f € L1(R?), its Radon transform R[f]: R x S; — R is
the line integral, where ds denotes the arc length of Se_l(t)

RIf1(,0) = / f(s)ds, (t,0) €R xSy,
S5t ()

— For direction 8 € Sy, the restricted Radon transform Ry of signed, regular, finite measures u € M(R2) is
Ro: M(R?) = M(R), > (Sp)pn=poSy",
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For direction 8 € S1, the restricted Radon transform Ry of signed, regular, finite measures p € M(R2) is
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Properties of the 2D Radon Transform

Proposition (Disintegration, Connection)

Let p € M(R?). Forg € Co(R x S1),h € L¥(R x S1)
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Properties of the 2D Radon Transform

Proposition (Disintegration, Connection)

Let u € M(R?). Forg € Co(R x S1),h € L=®(R x S1) holds

(Rlul; 9) =/<Re[#],g(~,9)) dus, (6)
S

1

<R[/‘L]v h) = (ﬂ': R* [h]>v R* [h] =/h(s(a 0)1 0) du§1 (0)
S

1
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L]

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification
Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann
Page 4




oy \ /)

Proposition (Disintegration, Connection) Proposition (Affinely Transformed Measures)

Let u € M(R?). Forg € Co(R x S1),h € L=®(R x S1) holds

(Rlul; 9) =/(Re[u],g(~,9))dus1 (9)
S

1

—

Properties of the 2D Radon Transform

<R[/“]v h) = (lJ’i R* [h]>v R* [h] =/h(s(a 9), 0) du§1 (0)
S

1
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Properties of the 2D Radon Transform

Proposition (Disintegration, Connection) Proposition (Affinely Transformed Measures)
Let 1 € M(R?). For g € Co(R x S1),h € L=®(R x S1) holds For any 6 € S1, A € GL(2) and y € R?,
(Rlul; 9) =/(R9[M],g(~,9))dusl (9)
S1

<R[/“]v h) = (lJ’i R* [h]>v R* [h] =/h(s(a 9), 0) du§1 (0)
S

1
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Proposition (Disintegration, Connection) Proposition (Affinely Transformed Measures)
Let 1 € M(R?). For g € Co(R x S1),h € L=®(R x S1) holds For any 6 € S1, A € GL(2) and y € R?, and
pay = (A +y)gn=po (A7 (- —y))
(Rlul, 9) = [ (Relul, 9(-,0)) dus, (6)
S1

<R[/“]v h) = (“7 R* [h]>v R* [h] =/h(s(a 0): 0) du§1 (0)
S

1
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Proposition (Disintegration, Connection) Proposition (Affinely Transformed Measures)
Let 1 € M(R?). For g € Co(R x S1),h € L=®(R x S1) holds For any 6 € S1, A € GL(2) and y € R?, and
pa,y = (A-+y)pp=po (A~1(-—y)) holds
(Rlul, 9) = [ (Relul, 9(-,0)) dus, (6) -
5 Roliay) = (AT +(y,00) 4R oy 7o 1
— * *p] — . _ —(y,0)
(Rll, by = RYRY), R*[] = /S H(S( 8),6)dus, 0) — Rutopaterlilo (TFE).
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Properties of the 2D Radon Transform

Proposition (Disintegration, Connection) Proposition (Affinely Transformed Measures)

Let 1 € M(R?). For g € Co(R x S1),h € L=®(R x S1) holds For any 6 € S1, A € GL(2) and y € R?, and

pa,y = (A-+y)pp=po (A~1(-—y)) holds
(R[ul, 9) =/(Re[#],g(~,9)) dug, (0)

S1 Re [HA,y] = (”ATBH -y, 0>)#RAT9/||AT9H [iu]

<R[/"]v h) = (“77?'* [h]>v R* [h] =/h(‘s(a 0)1 0) duSl (0) = RATG/”ATGH [.u] o (ﬁ
S1

transformation y Ro(o)la,yl, ¥ € (=5, 5) with 8(9) = (cos(®9),sin(9)) T
translation I RZ  Rgglplo (- — (y,0(9)))

rotation (::’j((f)) 712((3) 0 Ro—g) 1]

reflection (Sotey Sy 0 Rege-nlkl

anisotropic scaling ( ) 0 Re(arctan(% tan(ﬁ)))[“] o ([a? cos?(d) + b2 sin2(9)]~1/2.)
vertical shear (i (1)) 0 Reg(arctan(cttan(9)) [14] © ([1 + 2 cos?(9) + esin(29)]~1/2.)
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Generalized Radon Transform on Measures
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of

finite, signed, and regular (Borel) measures
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of

finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of

finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.
— The generalized slicing operator
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of
finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.
— The generalized slicing operator with the direction set © and measurable defining function ¢: X x © — R

—

Generalized Radon Transform on Measures
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of
finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.

— The generalized slicing operator with the direction set © and measurable defining function ¢: X x © — R is
defined by

B

Generalized Radon Transform on Measures

S¢,,g: X =R, xr—>¢(x,0), 6co,
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Generalized Radon Transform on Measures

LMU ﬂs

— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of

finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.

— The generalized slicing operator with the direction set © and measurable defining function ¢: X x © — R is

defined by S X SR
¢.0° ’

— The generalized restricted Radon transform as

Rp.0: M(X) = M(R),

x = ¢(x,0),

p (Sg.0)p =10 S; 5.

6co,

Syadt)) .-
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of
finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.
— The generalized slicing operator with the direction set © and measurable defining function ¢: X x © — R is

Generalized Radon Transform on Measures

defined b
Y Sp0: X >R, xm—6(x,0), 6c0O,
R —1 ¢ \
. - S t -
— The generalized restricted Radon transform as a0t J}/)/
. — -1 -
Rg,0: M(X) = M(R),  pr (Sp0)pp=poSy,.
— The gluing measure v € P(0O) and gluing map 0./
[t1]
Tp: XxO© =R X0, (x,0)— (S40(x),0).
6
5, 5({0})
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of
finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.
— The generalized slicing operator with the direction set © and measurable defining function ¢: X x © — R is

Generalized Radon Transform on Measures

defined b
ehned by Spe: X >R, x> ¢(x,0), 0O, .
—1 \
— The generalized restricted Radon transform as S""“{m/)//
Roo: M(X) = M(R),  pr> (Spe)ph:=pnoS,, X
— The gluing measure v € P(0O) and gluing map 0 L

Tp: XxO© =R X0, (x,0)— (S40(x),0).

— The generalized Radon transform if © is a Polish space, too, by
’R,(j)’,yl M(X) — M(R X @), o= (I¢)#[/J, X ’7].

—1 a1
ot ‘H‘,_e({[)}’
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— Let X be a Polish space, i.e. a separable completely metrizable topological space, and let M(X) denotes the set of
finite, signed, and regular (Borel) measures and P(X) denotes the set of probability measures.
— The generalized slicing operator with the direction set © and measurable defining function ¢: X x © — R is

—

Generalized Radon Transform on Measures

defined b
etined by Spo: X R, x> ¢(x,0), 0O,
R 1 g
— The generalized restricted Radon transform as ’S“"“{m/)//
Roo: M(X) = M(R),  pr> (Spe)ph:=pnoS,, X
— The gluing measure v € P(0O) and gluing map 0 L

Tp: XxO© =R X0, (x,0)— (S40(x),0).

— The generalized Radon transform if © is a Polish space, too, by
Re,y: MX) = M(R x ©), = (Zg)p[p x ]
Restricting the domain of the generalized (restricted) Radon p

transform to probability measures on X yields a map towards
probability measures on R x © (respectively R).
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity holds

(R¢,7[u],g)=/<R¢,e[u],g(-,0))d'v(9)-
(S]
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity holds

(Rq&,-y[ﬂ]ag):/<R¢,0[ﬂ]a9(':0)>d7(9)-
(S]

Proposition (Backprojection, Adjoint)
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity holds

(Rq&,-y[ﬂ]ag):/<R¢,0[ﬂ]a9(':0)>d7(9)-
(S]

Proposition (Backprojection, Adjoint)

oy 191(x) = / h(Ss,0(x),0)dv(0), xe€X.
o
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity holds

(Re 1], 9) = / (Rg,0lul, g(-8)) dv(0).
(C)

Proposition (Backprojection, Adjoint)

oy 191(x) = / h(Ss,0(x),0)dv(0), xe€X.

()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C ae. (t,0) ER X O,
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Properties of the Generalized Radon Transform

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity holds

(Re 1], 9) = / (Rg,0lul, g(-8)) dv(0).
(C)

Proposition (Backprojection, Adjoint)

o 91(x) = / h(Sg,6(x),0)dy(0), xe€X.
()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C ae. (t,0) ER X O,

then
(R y[ul, ) = (1, R ,[A]) VR €L (R X ©).
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Properties of the Generalized Radon Transform
Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions

g € Co(R x ©) vanishing at infinity holds

(Re~11l, 9) =/<R¢,e[u],g(~,0)>dv(9)-
©
Proposition (Backprojection, Adjoint)

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C ae. (t,0) ER X O,
then

(Rl h) = (u, R [R]) VR € LY (R x ©).
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Proposition (Affine Transformation X = R © = Sy_;)
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Proposition (Disintegration, Connection) Proposition (Affine Transformation X = R, © = Sy_1)
Let yu € M(X). Then for all continuous functions For any @ € S4_1,A € GL(d),y € R4,
g € Co(R x ©) vanishing at infinity holds

(R¢,v[ﬂ],9)=/<R¢,e[u],g('70)>d7(9)-
o

Proposition (Backprojection, Adjoint)

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C ae. (t,0) ER X O,
then

(Rl h) = (u, R [R]) VR € LY (R x ©).
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Proposition (Disintegration, Connection) Proposition (Affine Transformation X = R, © = Sy_1)
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then

(Rl h) = (u, R [R]) VR € LY (R x ©).

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification

Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann BMS

Page 6



I& b / N

Properties of the Generalized Radon Transform

LMU ﬂﬁ

Proposition (Disintegration, Connection) Proposition (Affine Transformation X = R, © = Sy_1)
Let yu € M(X). Then for all continuous functions For any 8 € Sq_1, A € GL(d),y € R?, using ¢(x,0) = (x, 0)
g € Co(R x ©) vanishing at infinity holds and pay = (A - +y)up
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Proposition (Disintegration, Connection) Proposition (Affine Transformation X = R, © = Sy_1)
Let yu € M(X). Then for all continuous functions For any 8 € Sq_1, A € GL(d),y € R?, using ¢(x,0) = (x, 0)
g € Co(R x ©) vanishing at infinity holds and pay = (A - +y)xp holds

— (AT a] - Lo
(R[], ) = / (Roolil, 9, 8)) d1(6). Rolpa,yl = (A0 - +(y,0) 4R, o/|aT e (1]
e

Proposition (Backprojection, Adjoint)

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

()
For essentially bounded measurable function h i.e.
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Properties of the Generalized Radon Transform
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Proposition (Disintegration, Connection) Proposition (Affine Transformation X = R © = Sy_;)
Let yu € M(X). Then for all continuous functions For any 8 € Sq_1, A € GL(d),y € R?, using ¢(x,0) = (x, 0)
g € Co(R x ©) vanishing at infinity holds and pay = (A - +y)xp holds

(R¢,v[ﬂ],g)=/<R¢,a[u],g('70)>d7(9)-
o

Proposition (Affine Transformation X = R%, © = R%)
Proposition (Backprojection, Adjoint) For any 8 € R?,Q € O(d),y € R?,

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C a.e (t,0) ER x O,
then

(Rl h) = (u, R [R]) VR € LY (R x ©).

Roliay] = (IATOI| - +(y,0)) 4R AT o/ a7 oy 1]
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Proposition (Disintegration, Connection) Proposition (Affine Transformation X = R © = Sy_;)
Let yu € M(X). Then for all continuous functions For any 8 € Sq_1, A € GL(d),y € R?, using ¢(x,0) = (x, 0)
g € Co(R x ©) vanishing at infinity holds and pay = (A - +y)xp holds

(R¢,v[ﬂ],g)=/<R¢,a[u],g('70)>d7(9)-
o

Proposition (Affine Transformation X = R%, © = R%)
Proposition (Backprojection, Adjoint) For any 8 € R%,Q € O(d),y € RY, using ¢(x,0) = ||x — 6],

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C a.e (t,0) ER x O,
then
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Proposition (Affine Transformation X = R, © = Sy_1)

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions For any 6 € Sq_1, A € GL(d),y € RY, using ¢(x,0) = (x,8)
g € Co(R x ©) vanishing at infinity holds and pay = (A - +y)xp holds
Roluayl = (IATOl - +(v,0)#RaT g o oy 1]
(Ro 1, 9) = / (Rg,0(1l; (- 0)) dv(6). Y = Gl
©

Proposition (Affine Transformation X = R%, © = R%)

Proposition (Backprojection, Adjoint) For any 8 € R%,Q € O(d),y € RY, using ¢(x,0) = ||x — 6],

and psq,y = (sQ - +y)up
Ry A l9l(x) = / h(Sg,6(x),0)dy(0), xe€X.
()
For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C a.e (t,0) ER x O,
then

(Rl h) = (u, R [R]) VR € LY (R x ©).

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification

Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann B Q DAAD
onas BMS



Properties of the Generalized Radon Transform

LMU ﬂg

Proposition (Affine Transformation X = R, © = Sy_1)

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions For any 6 € Sq_1, A € GL(d),y € RY, using ¢(x,0) = (x,8)
g € Co(R x ©) vanishing at infinity holds and pay = (A - +y)xp holds
Roluayl = (IATOl - +(v,0)#RaT g o oy 1]
(Ro 1, 9) = / (Rg,0(1l; (- 0)) dv(6). Y = Gl
©

Proposition (Affine Transformation X = R%, © = R%)

Proposition (Backprojection, Adjoint) For any 8 € R%,Q € O(d),y € RY, using ¢(x,0) = ||x — 6],

and psq,y = (sQ - +y)xp holds
R}, [g1(%) = / h(Sg,0(x),0)dv(8), x € X. Reoliiaary] = (5 )8Ros.q (ol
For essentially bou?ded measurable function h i.e.
3C > 0 s.t. |n(t,0)| < C ae (t,0) €R x O,
then

(Rl h) = (u, R [R]) VR € LY (R x ©).
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Properties of the Generalized Radon Transform

LMU ﬂs

Proposition (Affine Transformation X = R, © = Sy_1)

Proposition (Disintegration, Connection)

Let p € M(X). Then for all continuous functions For any 6 € Sq_1, A € GL(d),y € RY, using ¢(x,0) = (x,8)
g € Co(R x ©) vanishing at infinity holds and pa,y = (A - +y)xp holds
Roluayl = (IATO]- +(v,0)) £ RoT (1]
(Ro~11l 9) = / (Ro,6lul, 9(:,0)) dv(8). Y #aTo/1a el
©
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For any 8 € R%, Q € O(d),y € R?, using ¢(x,0) = ||x — 0],
and psq,y = (sQ - +y)xp holds
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S}
For essentially bounded measurable function h i.e. Proposition (Affine Transformation X = © = SO(3))

Proposition (Backprojection, Adjoint)

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

3C > 0s.t. |h(t,0)| < C a.e (t,0) ER x O,
then

(Rl h) = (u, R [R]) VR € LY (R x ©).
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Proposition (Affine Transformation X = R% @ = R%)

Proposition (Backprojection, Adjoint) For any 8 € R%,Q € O(d),y € RY, using ¢(x,0) == ||x — 0,

and psq,y = (sQ - +y)xp holds
R, lg)(x) = / h(Spe(x),0)dV(8), x € X, Ryalisqy] = (5 )Ry T 0y ]
For essentially boui)ded measurable function h i.e. Proposition (Affine Transformation X = © = SO(3))
3C > 0 s.t. |n(t,0)| < C ae (t,0) €R x O,
then
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Properties of the Generalized Radon Transform
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Let p € M(X). Then for all continuous functions
g € Co(R x ©) vanishing at infinity holds
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For essentially bounded measurable function h i.e.
3C > 0s.t. |h(t,0)| < C a.e (t,0) ER x O,
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For any 6 € Sq_1, A € GL(d),y € RY, using ¢(x,0) = (x,8)
and pa,y = (A - +y)xp holds

Roluay) = (IAT6]l - +(3,0)) 4R a7y
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For any 8 € R%, Q € O(d),y € R?, using ¢(x,0) = ||x — 0],
and psq,y = (sQ - +y)xp holds

Ro0ltsqyl = (5)#Ry T (0—y) [H]-

Proposition (Affine Transformation X = © = SO(3))

2
For any 8, R € SO(3), using ¢(x,0) := arccos(%),
and pr = (R-)yp
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(Rl h) = (u, R [R]) VR € LY (R x ©).
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Proposition (Disintegration, Connection) Proposition (Affme Transformation X = Rd’ e = Sdfl)
Let p € M(X). Then for all continuous functions For any 6 € Sq_1, A € GL(d),y € RY, using ¢(x,0) = (x,8)
g € Co(R x ©) vanishing at infinity holds and pa,y = (A - +y)xp holds
Roluayl = (IATOl- +(y,0)) xR T (1]
(Ro~11l 9) = / (Ro,6lul, 9(:,0)) dv(8). Y #aTo/1a el
©

Proposition (Affine Transformation X = R% @ = R%)

For any 8 € R%, Q € O(d),y € R?, using ¢(x,0) = ||x — 0],
and psq,y = (sQ - +y)xp holds
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For essentially bounded measurable function h i.e. Proposition (Affine Transformation X = © = SO(3))

z

For any 8, R € SO(3), using ¢(x,0) := arccos(%),
then and pr ‘= (R -)xp holds

(Rl 1) = {1 R [H]) W € LSS . (B x ©).

Proposition (Backprojection, Adjoint)

Ry l9)(x) = / h(Sg,6(x),0)dv(0), xeX

3C > 0s.t. |h(t,0)| < C a.e (t,0) ER x O,

AR XY Rg6lkr] = R¢,R79[N]~

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification

Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann DAAD
o BMS



h f SNV \/ N

Optimal Transport on the Reel Line — Domain of the Restricted, Generalized Radon Projection

— Aim: Generalize the R-CDTI!, for probability measures P(R) C M(R), similar to [12,

[12] Diaz Martin, R., Medri, I. V., and Rohde, G. K. (2024) — Data representation with optimal transport, arXiv:2406.15503
[13] Villani, C. (2003) — Topics in Optimal Transportation,
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BmR—oR, p=FYoF,.
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Optimal Transport on the Reel Line — Domain of the Restricted, Generalized Radon Projection

— Aim: Generalize the R-CDTI!, for probability measures P(R) C M(R), similar to [12,
— The cumulative distribution function F,: R — [0, 1] is given by F},(t) := pu((—o0,t]),
— its generalized inverse (quantile function) is given by
FU @) = inf{s € R | Fu(s) > t}, teR.
— Based on p € P(R) (not give mass to atoms), define the cumulative distribution transform (CDT)
BmR—oR, p=FYoF,.
— For convex cost ¢: R — [0, 00), the CDT solves the Monge—Kantorovich transportation problem (23]

1 =arg min/ c(s —T(s))dp(t), where T' is measurable.
Typ=p Jr

[12] Diaz Martin, R., Medri, I. V., and Rohde, G. K. (2024) — Data representation with optimal transport, arXiv:2406.15503
[13] Villani, C. (2003) — Topics in Optimal Transportation,

L]

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification e
Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann BMS
Page 7

DAAD



Optimal Transport on the Reel Line — Domain of the Restricted, Generalized Radon Projection

— Aim: Generalize the R-CDTI!, for probability measures P(R) C M(R), similar to [12,
— The cumulative distribution function F,: R — [0, 1] is given by F},(t) := pu((—o0,t]),
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— Aim: Generalize the R-CDTI!, for probability measures P(R) C M(R), similar to [12,
— The cumulative distribution function F,: R — [0, 1] is given by F},(t) := pu((—o0,t]),
its generalized inverse (quantile function) is given by
FU @) = inf{s € R | Fu(s) > t}, teR.
Based on p € P(R) (not give mass to atoms), define the cumulative distribution transform (CDT)
BmR—oR, p=FYoF,.

— For convex cost ¢: R — [0, 00), the CDT solves the Monge—Kantorovich transportation problem

[13]

1 =arg min/ c(s —T(s))dp(t), where T' is measurable.
Typ=p Jr
- € P2(R) ={p € PR) | thd,u < oo}, then 11 € L2(R) = {f : R — R | measurable, fR [f(®)|? dp(t) < oo}
— For p1,v € P2(R) the Wasserstein-2 distancel] fulfills
W3 (1) = infreigun) fan (o — 9)? dm(a,y) = 7 - D3 = [ — 90 dp(t).
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Generalized Normalized Radon CDTs — Feature Extractors — Normalization & Sorting

—

— We define the generalized R-CDT by Ry g[u] : R = R, t+— Rm](t)
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Generalized Normalized Radon CDTs — Feature Extractors — Normalization & Sorting

—

— We define the generalized R-CDT by Ry g[u] : R = R, t+— Rm](t)

— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Ry g[u] € L%XW(R X O)
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Generalized Normalized Radon CDTs — Feature Extractors — Normalization & Sorting
— We define the generalized R-CDT by Ry, .9[ ]:R—=R, t— Ry, g[u](t)
— For p € P2(X), it is Ry,g[p] € P2(R) and consequently Ry g[u] € L2, (R x ©)
— with the sliced Wasserstein distance of u, v € P2(X) given by

1Rs.01) = Ro0lW]12 = [ [ IRon (1 0) = R, [W](t, 0)2 dp(t) d(8) = SW3 (1, ) = [, W3(Rg 1] — R 0[v]) d7(6).

XY
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Generalized Normalized Radon CDTs — Feature Extractors — Normalization & Sorting
— We define the generalized R-CDT by Ry, .9[ ]:R—=R, t— Ry, g[u](t)

— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Rm] eL
— with the sliced Wasserstein distance of u, v € P2(X) given by

pXW(R X O)

L]

1Rs.01) = Ro0lW]12 = [ [ IRon (1 0) = R, [W](t, 0)2 dp(t) d(8) = SW3 (1, ) = [, W3(Rg 1] — R 0[v]) d7(6).

1) Normalization: The generalized NR-CDT Ny[u](t,0) = Ny o[u](t), for t € R,0 € O, is defined by

_ Rg,elul(t)—mean(Ry olul)
Npolul(t) = e .,  teR
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Generalized Normalized Radon CDTs — Feature Extractors — Normalization & Sorting
— We define the generalized R-CDT by Ry, .g[ ]:R—=R, t— Ry, g[u](t)

— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Rm] €12, _(RxO)
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1) Normalization: The generalized NR-CDT Ny[u](t,0) = Ny o[u](t), for t € R,0 € O, is defined by

XY

_ Ry.elul(t)—mean(Ry,q[u)
No.olu(t) = std(Ry glu]) o eR

— For well-definiteness: restrict to uniformly bounded ¢:
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Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification
Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann
Page 8

DAAD



LMU ﬂs

Generalized Normalized Radon CDTs — Feature Extractors — Normallzatlon & Sorting
— We define the generalized R-CDT by Ry, .g[ ]:R—=R, t— Ry, g[u](t)
— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Ry g[u] € LPXW(R X O)
— with the sliced Wasserstein distance of u, v € P2(X) given by
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1) Normalization: The generalized NR-CDT Ny[u](t,0) = Ny o[u](t), for t € R,0 € O, is defined by

_ Rg,elul(t)—mean(Ry olul)
Npolul(t) = e .,  teR

— For well-definiteness: restrict to uniformly bounded ¢: |p(x,0) — ¢(y,0)| < M Vdx(x,y) < L,V € O,
— and consider measures 4 in 73+C(X) = {p € P(X) | supp(p) CCX A Fe>0:std(Rggu]) >c VO € O}
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Generalized Normalized Radon CDTs — Feature Extractors — Normallzatlon & Sorting
— We define the generalized R-CDT by Ry, .g[ ]:R—=R, t— Ry, g[u](t)
— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Ry g[u] € LPXW(R X O)
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— and consider measures 4 in P+C(X) = {p € P(X) | supp(p) CCX A Fe>0:std(Rggu]) >c VO € O}

— Support of Ry g[u] is bounded, and by continuity means and standard derivations of ’Rm] exist, i.e. bounded

away from zero

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification @ e
Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann BMS DAAD
Page 8



LMU ﬂs

Generalized Normalized Radon CDTs — Feature Extractors — Normallzatlon & Sorting
— We define the generalized R-CDT by Ry, .g[ ]:R—=R, t— Ry, g[u](t)
— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Ry g[u] € LPXW(R X O)
— with the sliced Wasserstein distance of u, v € P2(X) given by
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1) Normalization: The generalized NR-CDT Ny[u](t,0) = Ny o[u](t), for t € R,0 € O, is defined by
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No.olu(t) = std(Ry glu]) o eR

— For well-definiteness: restrict to uniformly bounded ¢: |p(x,0) — ¢(y,0)| < M Vdx(x,y) < L,V € O,
— and consider measures 4 in P+C(X) = {p € P(X) | supp(p) CCX A Fe>0:std(Rggu]) >c VO € O}

— Support of Ry g[u] is bounded, and by continuity means and standard derivations of ’Rm] exist, i.e. bounded
away from zero — by construction, Ny[u] is bounded on supp(p) x ©.
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1Rs.01) = Ro0lW]12 = [ [ IRon (1 0) = R, [W](t, 0)2 dp(t) d(8) = SW3 (1, ) = [, W3(Rg 1] — R 0[v]) d7(6).

1) Normalization: The generalized NR-CDT Ny[u](t,0) = Ny o[u](t), for t € R,0 € O, is defined by

_ Ry.elul(t)—mean(Ry,q[u)
No.olu(t) = std(Ry glu]) o eR

— For well-definiteness: restrict to uniformly bounded ¢: |¢(x,0) — ¢(y,0)| < M, Vdx(x,y) < L,VO €O,
— and consider measures 4 in P+C(X) = {p € P(X) | supp(p) CCX A Fe>0:std(Rggu]) >c VO € O}
— Support of Ry g[u] is bounded, and by continuity means and standard derivations of ’Rm] exist, i.e. bounded

away from zero — by construction, Ny[u] is bounded on supp(p) x ©.
2) Sorting: dimension reduction via bounded h: L*°(©) — R, i.e. boundedness-preserving (bounded to bounded

sets): h(gow)=h(g) forall geL®(©) and any bijection  :© — ©
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Generalized Normalized Radon CDTs — Feature Extractors — Normallzatlon & Sorting
— We define the generalized R-CDT by Ry, .g[ ]:R—=R, t— Ry, g[u](t)
— For u € P2(X), it is Ry, 0[] € P2(R) and consequently Ry g[u] € LPXW(R X O)
— with the sliced Wasserstein distance of u, v € P2(X) given by

1Rs.01) = Ro0lW]12 = [ [ IRon (1 0) = R, [W](t, 0)2 dp(t) d(8) = SW3 (1, ) = [, W3(Rg 1] — R 0[v]) d7(6).

1) Normalization: The generalized NR-CDT Ny[u](t,0) = Ny o[u](t), for t € R,0 € O, is defined by

_ Ry.elul(t)—mean(Ry,q[u)
No.olu(t) = std(Ry glu]) o eR

— For well-definiteness: restrict to uniformly bounded ¢: |¢(x,0) — ¢(y,0)| < M, Vdx(x,y) < L,VO €O,
— and consider measures 4 in P+C(X) = {p € P(X) | supp(p) CCX A Fe>0:std(Rggu]) >c VO € O}
— Support of Ry g[u] is bounded, and by continuity means and standard derivations of ’Rm] exist, i.e. bounded

away from zero — by construction, Ny[u] is bounded on supp(p) x ©.
2) Sorting: dimension reduction via bounded h: L*°(©) — R, i.e. boundedness-preserving (bounded to bounded

sets): h(gow)=h(g) forall geL®(©) and any bijection  :© — ©
— The generalized ,NR-CDT N}, 4[p]: R — R is defined by N o[u](t) := h(Ng[p](t,-)), for t €R and p € P;FC(X).
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Properties of the Generalized Normalized Radon CDT — ,NR-CDT

~ It holds N, 4[u] € Ly°(R) for € P (X)
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Properties of the Generalized Normalized Radon CDT — ,NR-CDT

L

)
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= It holds Np, ¢[u] € L°(R) for p € 'P;’C(X) — well-definiteness of the measure transform, i.e. feature extractor.
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Properties of the Generalized Normahzed Radon CDT — ;,NR- CDT

L]

= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Theorem (Separability)

Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann
Page 9

Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification S — ‘
Bvmsa’ @



—

Properties of the Generalized Normalized Radon CDT — ,NR-CDT
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Theorem (Separability)
For the settings X and ©, and p € ’P;"C(X) holds
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Propertles of the Generalized Normahzed Radon CDT - NR- CDT

L]

= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Theorem (Separability)

For the settings X and ©, and p € 'P;' (X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o
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Properties of the Generalized Normalized Radon CDT - NR- CDT
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Theorem (Separability)
For the settings X and ©, and p € 'P;' (X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o

i) each subset I, of F,, = {Typ|T € ox o} reduces in
»INR-CDT-space to single points sets,
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Properties of the Generalized Normalized Radon CDT - NR- CDT
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Theorem (Separability)
For the settings X and ©, and p € 'P;' (X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o
i) each subset I, of F,, = {Typ|T € ox o} reduces in
»INR-CDT-space to single points sets,

iii) separability of Ny, ¢[F ;] if Niy olpi] # Nu.olusl, i # .
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT - NR- CDT

Theorem (Separability) — Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,
For the settings X and ©, and p € 'P;' (X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o

i) each subset I, of F,, = {Typ|T € ox o} reduces in
»INR-CDT-space to single points sets,

iii) separability of Ny, ¢[F ;] if Niy olpi] # Nu.olusl, i # .
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT - NR- CDT

Theorem (Separability) — Let n: R — R be boundedness-preserving

and H: B(R) — R bounded,
For the settings X and ©, and p € 'P;' (X) holds .
i) Ni,g[Typ] = Np, olp] for the specific T € ox o — By setting h(g) = H({n(9(6)) | 6 € ©})
for g € L°°(©), the required construction
i) each subset I, of F,, = {Typ|T € ox o} reduces in for h is obtained
»INR-CDT-space to single points sets, '

iii) separability of Ny, ¢[F ;] if Niy olpi] # Nu.olusl, i # .
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,

Theorem (Separability)

For the settings X and ©, and p € ’P;'C(X) holds

. _ G — By setting h(g) = H({n(g(0)) | 8 € ©})
i) Nh.o[Typ] =N for the specific T € o y g g
) Mgl Tl molul P 50 for g € L°°(O), the required construction

i) each subset I, of F,, = {Typ|T € ox o} reduces in for h is obtained, including

»INR-CDT-space to single points sets,
iii) separability of Ny, [Fyu;] if Niu,glui] # Na,glus, i # .
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving

Theorem (Separability)
- e and H: B(R) — R bounded,
For the settings X and ©, and p € Py (X) holds .
i) Ni,g[Typ] = Np, olp] for the specific T € ox o - By settlnih(g) = H({n(g(@)) S 6})
" A . for g € L*°(©), the required construction
ii) each subset ¥y, of F\, := {Typ | T € ox o} reduces in for h is obtained, including
»INR-CDT-space to single points sets, .
B L - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. supgce Nolul(t)],
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= It holds Np, ¢[u] € L°(R) for p € 'PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving

Theorem (Separability) and H: B(R) — R bounded
For the settings X and ©, and p € ’P;'C(X) holds '_ '
) N [Tl = Ni.olu] for the specific T € ox o — By setting h(g) = H({n(g(0)) | 6 € ©})
" A . for g € L*°(©), the required construction
ii) each subset ¥y, of F\, := {Typ | T € ox o} reduces in for h is obtained, including
»INR-CDT-space to single points sets, .
.. s ) - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. supgce Nolul(t)],
b) n=1|-]and H =inf, i.e,

infoco [No[ul(t)
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= It holds Np, ¢[u] € L°(R) for p € ’PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,

— By setting h(g) = H({n(g(0)) | 6 € ©})
for g € L°°(O), the required construction
for h is obtained, including

Theorem (Separability)
For the settings X and ©, and p € 'P;',C(X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o
i) each subset I, of F,, = {Typ|T € ox o} reduces in
»INR-CDT-space to single points sets,

- . ! - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. Supgeo [Nol1(1)],
b) n=|-]and H =inf, i.e,
infoco [No[u](t)],
c) n=|-|and H = sup —inf, i.e.,

supgee [Nolul(t)| — infoco [No[ul(t)],
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= It holds Np, ¢[u] € L°(R) for p € ’PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,

— By setting h(g) = H({n(g(0)) | 6 € ©})
for g € L°°(O), the required construction
for h is obtained, including

Theorem (Separability)
For the settings X and ©, and p € 'P;',C(X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o
i) each subset I, of F,, = {Typ|T € ox o} reduces in
»INR-CDT-space to single points sets,

- . ! - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. Supgeo [Nol1(1)],
b) n=|-]and H =inf, i.e,
infoco [No[u](t)],
c) n=|-|and H = sup —inf, i.e.,

supgce WNo[1](t)| — infoceo INo[u](t)],
d) n=1d and H = sup —inf, i.e.,

supgeg No [l (t) — inface No[u](t).
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= It holds Np, ¢[u] € L°(R) for p € ’PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,

— By setting h(g) = H({n(g(0)) | 6 € ©})
for g € L°°(O), the required construction
for h is obtained, including

Theorem (Separability)
For the settings X and ©, and p € 'P;',C(X) holds
i) Ni,g[Typ] = Np, olp] for the specific T € ox o
i) each subset I, of F,, = {Typ|T € ox o} reduces in
»INR-CDT-space to single points sets,

B L - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. supgce Nolul(t)],
— Further transformations are: b) n=|-]and H =inf, i.e,
infgee [No[ul(t)],
c) n=|-|and H =sup —inf, i.e.,

supgce INo[1](t)| — infoceo INo[u](t)],
d) n=1d and H = sup —inf, i.e.,

supgeg No [l (t) — infoce No[u](t).
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= It holds Np, ¢[u] € L°(R) for p € ’PfC(X) — well-definiteness of the measure transform, i.e. feature extractor.

—

Properties of the Generalized Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving

Theorem (Separability) and H: B(R) — R bounded
For the settings X and ©, and p € 'P;' (X) holds s sett.in hg) = H({n( (0)) l0coy
) NiolTeil = Niglp] for the specific T' € ex,0 fo}; g€ Lgo(é}) ;he reqnuiged construction
i) each subset I, of F,, = {Typ|T € ox o} reduces in for h is obtained, including
»INR-CDT-space to single points sets, .
B L - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. supgce Nolul(t)],
— Further transformations are: np b) n=|-]and H =inf, i.e,
e) TV-normalized: h(g) = sup > |g(6s+1) — g(8:)], © = Sy, infgee [No[u](t)],
PeP;—1 C) — . _ s .
n=1|-|and H = sup —inf, i.e,,
with P ={P = (61,...,0,,41) | P is partition of S; }, suppeo INo[1](8)] — infoce Nolil(®)]
e )

d) n=1d and H = sup —inf, i.e.,
supgeg No [l (t) — infoce No[u](t).
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= It holds Np, ¢[u] € L°(R) for p € ’P;’C(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generallzed Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,

Theorem (Separability)

For the settings X and ©, and p € 'P;' (X) holds

— By setting h(g) = H({n(g(0)) | 6 € ©})
i) Nh.olT: N for the specific T € o y g g
) NaglTeisl = Noolud P 50 for g € L°°(O), the required construction

i) each subset I, of F,, = {Typ|T € ox o} reduces in for h is obtained, including

»INR-CDT-space to single points sets,

B ~ . - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. supgco Nolul(t)],
— Further transformations are: np b) n=|-]and H =inf, i.e,
e) TV-normalized: h(g) = sup > |g(6s+1) — g(8:)], © = Sy, infgee [No[p](®)],
PePi=1 c) n=|-|and H = sup —inf, i.e.,

with P ={P = (01,...,0,,41) | P is partition of S; },
f) average-normalized: h(g) = f@ g(0) dy(0) violating
separability under arbitrary affine transformations,

supgce WNo[1](t)| — infoceo No[u](t)],
d) n=1d and H = sup —inf, i.e.,

supgeg No [l (t) — infoce No[u](t).
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= It holds Np, ¢[u] € L°(R) for p € ’P;’C(X) — well-definiteness of the measure transform, i.e. feature extractor.

Properties of the Generallzed Normalized Radon CDT — ,NR-CDT

— Let n: R — R be boundedness-preserving
and H: B(R) — R bounded,

Theorem (Separability)

For the settings X and ©, and p € 'P;' (X) holds

— By setting h(g) = H({n(g(0)) | 6 € ©})
i) Nh.olT: N for the specific T € o y g g
) NaglTeisl = Noolud P 50 for g € L°°(O), the required construction

i) each subset I, of F,, = {Typ|T € ox o} reduces in for h is obtained, including

»INR-CDT-space to single points sets,

B ~ . - a) n=|-]and H =sup, i.e.,
iii) separability of Ny ¢[F ;] if Nu,olpi] # Nh,olugl, @ # J. supgco Nolul(t)],
— Further transformations are: np b) n=|-]and H =inf, i.e,
e) TV-normalized: h(g) = sup > |g(6s+1) — g(8:)], © = Sy, infgee [No[p](®)],
PePi=1 c) n=|-|and H = sup —inf, i.e.,

with P ={P = (01,...,0,,41) | P is partition of S; },
f) average-normalized: h(g) = f@ g(0) dy(0) violating
separability under arbitrary affine transformations, i.e. only

supgce WNo[1](t)| — infoceo No[u](t)],
d) n=1d and H = sup —inf, i.e.,

single point sets if T € ox o s.t. k(T T) = 1. supgeo Nolul(t) — infgee Nolu](t).
Generalization of Normalized Radon Cumulative Distribution Transforms in the Light as Feature Extractors for Image Classification e a—
Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann BMS
Page 9



W

Numerics — Large Class Numbers & Few References
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Table: NT and NN classification accuracies for the Chinese character dataset, where each class consists of 50 samples, generated by
random affine transformations with scaling [0.5, 1.0], shearing [—25°, 25°], rotation angles [0°, 360°] and pixel shifts [—20, 20].

s method NT NN

8 # angles # training samples

* 2 4 8 16 32 64 128 5 10
Euclidean 0.0096 0.0202 £ 0.0021 0.0242 £ 0.0022

. RCDT 0.0160 0.0180 0.0172 0.0164 0.0168 0.0170 0.0170 0.0188 £ 0.0020 0.0217 £ 0.0021

=  NR-CDT 0.0924 0.1038 0.3124 0.8422 0.9836 1.0000 1.0000 1.0000 =+ 0.0000 1.0000 + 0.0000
aNR-CDT 0.0810 0.0172 0.1860 0.4950 0.6486 0.6814 0.6852 0.8345 £ 0.0097 0.9139 + 0.0062

s mNR-CDT 0.0848 0.0620 0.2178 0.7368 0.9791 0.9975 0.9981 0.9987 & 0.0001 0.9987 £ 0.0001

= LNR-CDT 0.0629 0.0362 0.0751 0.3475 0.5554 0.6030 0.6104 0.7651 £ 0.0026 0.8631 £ 0.0018
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Robustness of the Separability in Wasserstein Spaces for X = R4, 0 = S;_;
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Robustness of the Separability in Wasserstein Spaces for X = R4, 0 = S;_;
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Robustness of the Separability in Wassersteln Spaces for X = R¢, @ Sa-_1
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Numerlcs — Robustness Study by Salt Noise and Elastlc Deformations for X = R, © = S;_;
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Figure: Phase transition of NT classification accuracies for 3-class academic datasets with 10 samples per class. Left: different salt noise
(vertical: component numbers, horizontal: noise strengths); Right: non-affine deformations with frequencies in [0, 2] and variable
amplitude ranges (horizontal), as well as salt noise of strength 9 and variable location numbers (vertical).
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Figure: Phase transition of NT classification accuracies for 3-class academic datasets with 10 samples per class. Left: different salt noise
(vertical: component numbers, horizontal: noise strengths); Right: non-affine deformations with frequencies in [0, 2] and variable
amplitude ranges (horizontal), as well as salt noise of strength 9 and variable location numbers (vertical).

agnus dei  bishop crown lilies (1st) pinecone keys lilies (2nd)  moon poppy orb shield
% Y 7 av’) "y ¢ S = e
b & L 0 S @]

o g \ 5 . sne e ~
&g “ ‘("%@ @ -4 7 = (VF/) [’{@2

o | s

Generalization of Normalized Radon Cumulative Distribution Transforms
Jonas Bresch | joint work with Robert Beinert and Matthias Beckmann
Page 12

in the Light as Feature Extractors for Image Classification




// Lmuls

Numerics — Robustness Study by Salt Noise and Elastic Deformations for X = R4, © = S,_;
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Figure: Phase transition of NT classification accuracies for 3-class academic datasets with 10 samples per class. Left: different salt noise
(vertical: component numbers, horizontal: noise strengths); Right: non-affine deformations with frequencies in [0, 2] and variable
amplitude ranges (horizontal), as well as salt noise of strength 9 and variable location numbers (vertical).
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the historic watermark dataset.
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Numerics — Clustering in Higher Dimensions
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— Classification with many classes — Restricted Radon transfrom via
and few samples measurable ¢ : X x © — R
— Assumption: (approx.) affine / Rg,0 : M(X) = M(R)
structured class families p (Se,0)#H, Sp0 = (-, 0)
— Need: a) invariance to affine — Slice per direction
transformations LEPX) = Rgolul € P(R)
b) stability to deformations — 1D embedding via CDT, wrt. ref p
— Application: historic watermarks, b= *‘T‘j;‘:“:‘ Jeels = T(s)) do(s), atomless p, i € P(R)
automated pattern recognition _ R-CDT: collect sliced CDTs

@ @ % ﬂﬁ % Realn] € L2(R) for 1 € Pa(X)
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Normalization: NR-CDT and Sorting

~ For p € P} (X) C Pe(X) C P2(X)
R-CDT i is be bounded with
std(R@g[u]) >c¢>0 fa. 0€0O.
— Normalize per slice:
Nop,olul(t) = %:\Bﬁ%ﬁw
— Sorting the directions 6 € © via:
h:Le(©) > R
~ Define yNR-CDT: h(Ny[ul(t,))
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— 1D embedding via CDT, wrt. ref p

7 = arg min fR c(s —T(s))dp(s), atomlessp,p € P(R)
Typ=np

— R-CDT: collect sliced CDTs
Rgolu] € L2(R) for p € Pa(X)

Theoretical Results

— Translation: for suitable (X, ©, ¢)
Ry[Typu] =ToRglul
for specific T' correspond to T'
i) Invariance: N, 4[Tyu] = Ny, o[l
i) Singleton sets in ,NR-CDT-space
Fu={Tpu} "5 NiolFu] = Mgl
iii) Robustness of ,NR-CDT and
aNR-CDT in Wasserstein-spaces

h e {supgee,fe}.
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