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Motivation: Adjoint mismatch
– Let X and Y are infinite-dimensional spaces.

– Consider an linear operator A : X → Y and some noisy y ∈ Y,
– and the corresponding inverse problem[1][2][3] Ax = y.
– One way to solve it is to minimize ‖Ax − y‖2

X w.r.t. x ∈ X.
– This requires the action of the adjoint A∗, i.e. for solving

0 = ∇x‖Ax − y‖2
X = 2A∗(Ax − y),

– with the normal equation A∗Ax = A∗y to solve in x ∈ X, e.g. use
Moore–Penrose pseudoinverse x = A†y.

– Practically, A becomes discretized by A ∈ Fm×d for numerical solvability.
– The computation of its direct transpose/adjoint A∗ might be hard.
– Instead, A∗ is discretized → introduces errors → adjoint mismatch[4][5].

Forward A Adjoint A∗

Continuous model

[1] Tikhonov, A. N. (1943) – Об устойчивости обратных задач, Dokl. Akad. Nauk SSSR
[2] Tikhonov, A. N. and Arsenin, V. Y. (1977) – Solutions of Ill-Posed Problems,
[3] Willoughby, R. A. (1979) – Solutions of ill-posed problems (A. N. Tikhonov and V. Y. Arsenin), SIAM Review
[4] Chouzenoux, E. et al. (2023) – Convergence results for primal-dual algorithms in the presence of adjoint mismatch, SIAM J. Imaging Sci.
[5] Zeng, G. L. and Gullberg, G. T. (2000) – Unmatched projector/backprojector pairs in an iterative reconstruction algorithm, IEEE Trans. Med. Imaging.
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Motivation: Toy Example for Adjoint Mismatch

– Rotations of a function f : D := {x ∈ R2 : ‖x‖ ≤ 1} → R in R2,

– given by Aαf(x) = f(Rαx), where
Rα :=

(
cos(α) sin(α)

− sin(α) cos(α)

)
.

– It holds: A∗
α = A−α and A−1

α = A−α, such that ‖Aα‖ = 1 in the continuous setting.

n α
√

‖A−αAα‖ ‖Aα‖

25 10 0.99999 1.00463
25 30 1.00002 1.05930
25 45 0.99996 1.17387
50 10 1.00080 0.99804
50 30 0.99998 1.05314
50 45 1.00000 1.16840
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The Adjoint Mismatch

– Consider two operators A, V : X → Y.

– Restrict your self to the setting that A is your forward model hence x 7→ Ax for x ∈ X is available,
– and V is your backward model, hence y 7→ V∗y for y ∈ Y is available.
– For acceleration, replace the true adjoint V ∗ 6= A∗ in the discrete setting → convergence guarantees are violated.
– The Chambolle–Pock[6], [7] and Primal–Dual Douglas–Rachford[8] algorithm require ‖V ‖2 and ‖A − V ‖2 for

min
x∈X

f(Ax) + g(x) = min
y∈Y

g∗(−A∗y) + f∗(y) = min
x∈X

max
y∈Y

g(x) + 〈Ax, y〉 − f∗(y),
and guaranteed linear convergence.

– For solving minx∈X ‖y − Ax‖2
X + g(x) + κ

2 ‖x‖2
X the spectral properties of L = V ∗A + κI [9] is required.

– Here, V V ∗ is unavailable for estimating ‖L‖2, e.g. using the power method.
– If V ∗A is non-normal, power-schemes may not converge or calculate values far from the leading singular value.
– A full understanding of the impact of V ∗ needs deeper analysis[10].”

[6] Chambolle, A. and Pock, T. (2011) – A first-order primal-dual algorithm for convex problems with applications to imaging, J. Math. Imaging Vis.
[7] Lorenz, D. A. and Schneppe, F. (2023) – Chambolle-Pock’s Primal-Dual Method with Mismatched Adjoint, Appl. Math. Opt.
[8] Naldi, E. and Schneppe, F. (2025) – The influence of an adjoint mismatch on the primal-dual Douglas–Rachford method,
[9] Chouzenoux, E. et al. (2021) – Convergence of proximal gradient algorithm in the presence of adjoint mismatch, Inverse Probl.
[10] Trefethen, L. N. and Embree, M. (2005) – “Spectra and Pseudospectra: The Behavior of Nonnormal Matrices and Operators,
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Generalized Rayleigh Quotient

We focus on the maximization of the generalized Rayleigh quotient

R(A, B) = max
v∈Rd\{0}

〈v,Av〉
〈v,Bv〉 ,

where A, B ∈ Rd×d, B is Hermitian, positive definite. If B = Id, this is a problem of finding the largest singular value

〈v, Av〉 = 1
2 〈v, Av〉 + 1

2 〈A∗v, v〉 =
〈

v, ( 1
2 A + 1

2 A∗)v
〉

=
〈

AHv, v
〉

(≥ 0)

, v ∈ Rd \ {0}.

i.e. it holds R(A, Id) = maxv∈Sd−1 〈v, Av〉 = ‖(AH)1/2‖2, and can be solved by power iterations Õ require adjoint!

vt+1 = A∗Avt

‖A∗Avt‖

In general, i.e. B 6= Id, the maximizer v is must be the top eigenvector of B−1AH since〈
v, AHv

〉
=

〈
v, BB−1AHv

〉
= λ 〈v, Bv〉 ,

which requires both adjoint and inverse. We refer to eigenvectors of B−1AH as generalized eigenvectors of (A, B).
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First-Order Riemannian Optimization
Consider the ellipsoid Sd−1

B
:= {v ∈ Rd : 〈v, Bv〉 = 1} with hSd−1

B

= 〈v, Bv〉 − 1.

It is a smooth Riemannian manifold.
Then,

R(A, B) = max
v∈Rd\{0}

〈v,Av〉
〈v,Bv〉

=:r(A,B,v)

= max
v∈Sd−1

B

〈
v, AHv

〉
=: max

v∈Sd−1
B

f(v)

We define ‖v‖B :=
√

〈Bv, v〉.
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Visualization of the generalized
Rayleigh quotient r(A, B, v) for v =
(v1, v2)T ∈ R2 \ {0} and

A =
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1 2

)
.

Its values on S1
B are highlighted by

the solid line. Left: B = I2, Right:
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.
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B

〈
v, AHv

〉
=: max

v∈Sd−1
B

f(v)

We define ‖v‖B :=
√

〈Bv, v〉.
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First-Order Riemannian Optimization
To optimize f : M → R, we deploy Riemannian gradient ascent[11] 

with initial point v0 ∈ M on a smooth manifold M.
1. Consider the tangent space Tvk at vk for M = Sd−1

B = h−1
M (0) given by

Tvk := ker
(

DhSd−1
B

)
=

{
x ∈ Rd :

〈
x, Bvk

〉
= 0

}
= span{Bvk}⊥.

2. and orthogonal projection

Pvk =
(

Id − Bvk(Bvk)∗

‖Bvk‖2

)
.

3. Compute the Riemannian gradient as

∇Sd−1
B

f(vk) = Pvk ∇f(vk) ∈ Tvk .

4. Rescale it with appropriate step size τk ∈ R.

v∗

v
k

5. Retract
vk+1 = Rvk

(
τk∇Sd−1

B

f(vk)
)

where Rvk (τkxk) := vk+τkxk

‖vk+τkxk‖B
, xk ∈ Tvk , τk ∈ R.

[11] Lee, J. M. (2012) – Introduction to Smooth Manifolds,
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First-Order Riemannian Optimization
For C1 function[12] on smooth embedded submanifolds, here with f(v) =

〈
v, AHv

〉
, where v ∈ Rd.

Theorem (Sublinear Convergence Rate – Critical Points[13])

Let f =
〈

v, AHv
〉

and L ≥ 2
∥∥AH

∥∥ (1 + κ(B)), where κ(B) := ‖B‖/‖B−1‖ is the condition number of B. Then, the
sequence (vk)∞

k=0 generated by Riemannian gradient ascent with τk = 1/L fulfills ∇Sd−1
B

f(vk) → 0 as k → ∞ at a
sublinear rate, meaning that

min
k=0,...,n

∥∥∥∇Sd−1
B

f(vk)
∥∥∥2

≤
2L

n + 1
(

f(v0) − sup
v∈Sd−1

B

f(v)
)

.

It can be improved to the linear convergence to the set of global maximizers if B = Id and AH is positive definite [13].

Problem: We can compute f(v) =
〈

v, AHv
〉

without adjoint, but not ∇f(v) = AHv = 1
2 (A + A∗)v for ∇Sd−1

B

f(v).

[12] Boumal, N. (2023) – An Introduction to Optimization on Smooth Manifolds,
[13] Alimisis, F. et al. (2021) – Distributed principal component analysis with limited communication, NeurIPS
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Zeroth-Order Riemannian Optimization
Idea: Use a surrogate of the Riemannian gradient,

i.e. replace ∇Sd−1
B

f(v) with the numerical gradient[14].

1. For the iterate vk, sample a random direction x̃ ∼ N (0, Id).
2. Project to the tangent space xk := Pvk x̃.
3. Compute the numerical gradient

ĝrad1f(vk) :=
f(Rvk (µkxk)) − f(vk)

µk
xk with scaling parameter µk > 0.

for an ascent direction.
4. Optional: Use multiple directions to improve the variance

ĝradmf(vk) :=
1
m

m∑
i=1

f(Rvk (µkxk,i)) − f(vk)
µk

xk,i, where xk,i := Pvk x̃i, x̃i iid.∼ N (0, Id), i ∈ {1, ..., m}

[14] Li, J., Balasubramanian, K., and Ma, S. (2023) – Stochastic zeroth-order Riemannian derivative estimation and optimization, Math. Oper. Res.
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Zeroth-Order Riemannian Gradient Ascent
5. Retraction by vk+1 = Rvk (τkĝradmf(vk)).

Õ sublinear rate of the Riemannian gradient[14],

convergence to a critical point; it compares to our results.

Proposition (Zeroth-Order Sublinear Convergence Rate[14])

Let f = 〈v, AHv〉 and L ≥ 2‖AH‖(1 + κ(B)). Further, let (vk)∞
k=0 be the sequence generated by above iterates with

τk = 1
2(d+4)L

and scaling parameters satisfying
∑

k∈N µ2
k < ∞. Then, it holds

i) ∇Sd−1
B

f(vk) → 0 a.s. as k → ∞, and

ii) there exists random variable C > 0 such that

min
k=0,...,n

∥∥∥∇Sd−1
B

f(vk)
∥∥∥2

≤
C

n + 1
a.s.

Remaining issues:

– Convergence to the set of global maximizers.
– Step size dependency on d.
– Decaying scaling parameters.
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k=0 be the sequence generated by above iterates with
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∑

k∈N µ2
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B
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∥∥∥∇Sd−1
B

f(vk)
∥∥∥2

≤
C

n + 1
a.s.

Remaining issues:
– Convergence to the set of global maximizers.
– Step size dependency on d.
– Decaying scaling parameters.
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Proposed Method
Are we able to compute “the optimal” step size τk?

1. Set v0 = ṽ/‖ṽ‖B with ṽ ∼ N (0, Id).
2. For the iterate vk, sample a random direction x̃ ∼ N (0, Id).
3. Project to the tangent space and normalize,

xk := Pvk x̃/‖Pvk x̃‖.

4. Compute the optimal step size

τk := argmax
τ∈R

f(Rvk (τxk))

5. Retract vk + τkxk onto Sd−1
B ,

vk+1 = Rvk (τkxk) =
vk + τkxk

‖vk + τkxk)‖B
.
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Optimal Stepsize τk – Solving a Quadratic Subproblem, a sub-generalized Rayleigh Problem
Theorem (On the Optimal Step Size & Cases, which will Never Arise, a.s.)

Let vk ∈ Sd−1
B and xk ∈ Tvk ∩ Sd−1, then f(Rvk (τxk)) = ak+bkτ+ckτ2

1+dkτ2 with

ak :=
〈

vk, Avk
〉

, bk :=
〈

xk, Avk
〉

+
〈

vk, Axk
〉

= 2
〈

xk, AHvk
〉

, ck :=
〈

xk, Axk
〉

, dk :=
〈

xk, Bxk
〉

.

If bk 6= 0, then
τk = sgn(bk)

(
ck−akdk

|bk|dk
+

√
(ck−akdk)2

(bkdk)2 + 1
dk

)
∈ R\{0}.

bk > 0 bk < 0 bk = 0 bk > 0 bk < 0 bk = 0

a
k

<
c k

/
d

k

ck

ak

ck/dk

ck

ak

ck/dk

ck

ak

ck/dk

a
k

=
c k

/
d

k ak = ck/dk ak = ck/dk

– Define the generalized eigenspaces of (A, B)

as
Gλ := {v ∈ Rd \ {0} : AHv = λBv} = {v ∈ Rd \ {0} : B−1AHv = λv},

– with the generalized eigenvalues of (A, B)

as
spec(B−1AH) := {λ ∈ R | ∃v ∈ Sd−1

B , AHv = λBv} = {λ1, ..., λd}, λ1 ≥ ... ≥ λd.
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Algorithm’s Termination & Convergence Guarantees
Lemma (Never Accruing Cases)

Let vk ∈ Sd−1
B and xk = Pvk x̃/‖Pvk x̃‖ ∈ Tvk ∩ Sd−1, x̃ ∼ N (0, Id). Then, vk is a generalized eigenvector of (AH, B)

if and only if bk := 〈xk, AHvk〉 = 0 a.s. if and only if  ∇Sd−1
B

f(vk) = 0 (then, stop the algorithm).

Proposition (Special Dimension Cases Õ Detecting Orthogonality)

i) If dim(Gλ1 ) = d, then v0 ∈ Gλ1 and the algorithm stops.
ii) If dim(Gλ1 ) = d − 1, then v1 ∈ Gλ1 , a.s.

Lemma (Update, Nondegenerated Projection)

i) r(A, B, vk+1) − r(A, B, vk) = ak+1 − ak = 1
2 τkbk > 0, a.s.

ii) If dim(Gλ) < d − 1, then
· vk+1 is not a generalized eigenvector, a.s., if vk is neither one.

· vk is not a generalized eigenvector, a.s, for (vk)k∈N

ṽ

v0
2

v0
1 {v0

1}⊥

{v0
2}⊥

span(ṽ)
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ṽ

v0
2

v0
1 {v0

1}⊥

{v0
2}⊥

span(ṽ)
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Convergence Towards the Leading Eigenspace
Theorem (|bk| → 0, Convergence, Sublinear Rate)

i) If dim(Gλ1 ) < d − 1, r(A, B, vk) converges, strictly increasing, and bk → 0 a.s.
ii) There exists a random variable λ with values in spec(B−1AH) such that dist(Gλ, vk) → 0, a.s.
iii) The sequence (vk)k∈N generated by the construction converges to Gλ1 a.s.,

i.e. it holds

dist(Gλ1 , vk) → 0, r(A, B, vk) ↗ λ1, k → ∞, a.s.

iv) It holds

min
k=0,...,n

Exk,vk

[
b2

k

]
= min

k=0,...,n
Evk

[∥∥∇Sd−1
B

f(vk)
∥∥2]

≤ 8 (d−1)‖A‖2‖B−1‖(1+3κ(B))
(n+1) .

Proof:

1) never stops a.s.,
2) converges to a critical point,
3) must be the global maximum.

Lemma (Uniform Bound Õ Borel–Cantelli)

For any ε > 0, ṽ ∈ Sd−1
B with

Dv := {x ∈ Tv : ∃τ ∈ R, Rv(τx) ∈ Bε(ṽ)}
is inf

v∈Sd−1
B

σBv(Dv) > c unif. bounded.
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Proof:

1) never stops a.s.,
2) converges to a critical point,
3) must be the global maximum.

Lemma (Uniform Bound Õ Borel–Cantelli)

For any ε > 0, ṽ ∈ Sd−1
B with

Dv := {x ∈ Tv : ∃τ ∈ R, Rv(τx) ∈ Bε(ṽ)}
is inf
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B
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Connection to Zeroth-Order Methods & Acceleration

Proposition (Estimating the Riemannian Gradient, Variance Reduction)

It holds
bkxk = 2ĝrad1f(vk) and Exk|vk [bkxk] = 1

d−1 ∇Sd−1
B

f(vk).

The scaling parameters µk in ĝrad1(vk) are set to τk.
Hence, (d − 1)bkxk is an unbiased estimate of ∇Sd−1

B

f(vk).

The variance of the unbiased estimator can be reduced by m iid. samples surrogating the Riemannian gradient.

1. Sample multiple xk,i ∈ Tvk ∩ Sd−1 by Pvk xi where xi iid.∼ N (0, Id),
2. Construct x̄k = 1

m

∑m

i=1 bk,i xk,i, with bk,i := 2〈xk,i, AHvk〉,

3. Normalize xk = x̄k/
∥∥x̄k

∥∥.
Advantage: close form for the step size, does not depend on any Lipschitz constant, by construction, no scaling
parameter is required.
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bkxk = 2ĝrad1f(vk) and Exk|vk [bkxk] = 1

d−1 ∇Sd−1
B

f(vk).

The scaling parameters µk in ĝrad1(vk) are set to τk.
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Restrictions & Extensions
– Operator norm [15] via f = ‖A · ‖2 for A ∈ Fm×d, i.e. singular values of A

– Generalized operator norm [16] via f = ‖A · ‖2/‖B · ‖2 for A ∈ Fm×d and B ∈ F`×d where ` � d (necessary),
i.e. singular values of (B∗B)−1A∗A, with unconstrained sampling approach, i.e. xk ∼ U(Sd−1),

ak :=
∥∥Avk

∥∥2
, bk :=

〈
Avk, Axk

〉
, ck :=

∥∥Axk
∥∥2

, dk :=
∥∥Bvk

∥∥2
, ek :=

〈
Bvk, Bxk

〉
, fk :=

∥∥Bxk
∥∥2

,

such that
τk = argmax

τ∈R

ak+2bkτ+ckτ2

dk+2ekτ+fkτ2 = − βk
2γk

+ sign
(

αk
γk

)( β2
k

4γ2
k

− αk
γk

)1/2
, where

{
αk := bkdk − akek,

βk := ckdk − akfk,

γk := ckek − bkfk,

– Adjoint mismatch [17] via f =
〈

·1, (A − V ) ·2
〉

=
〈

·1, A ·2
〉

−
〈

V ∗·1, ·2
〉

, where v 7→ Av and only u 7→ V ∗u are

available, ak := 〈uk, Avk〉 − 〈V ∗uk, vk〉, bk := 〈wk, Avk〉 − 〈V ∗wk, vk〉, ek := akbk + ckdk,

ck := 〈uk, Axk〉 − 〈V ∗uk, xk〉, dk := 〈wk, Axk〉 − 〈V ∗wk, xk〉, fk := a2
k + c2

k − b2
k − d2

k

and two iterates vk, uk and two optimal step sizes (ξk, τk) (depending on each other).

(τk, ξk) = argmax
τ,ξ∈R

〈uk+τwk,(A−V )(vk+ξxk)〉2∥∥uk+τwk
∥∥2

·
∥∥vk+ξxk

∥∥2 =
(

− sign(ek)
(

fk
2|ek| −

( f2
k

4e2
k

+ 1
)1/2)

,
ck+τkdk
ak+τkbk

)
.

[15] Bresch, J. et al. (2024) – Matrix-free stochastic calculation of operator norms without using adjoints, SIAM J. Matrix Anal. Appl.
[16] Bresch, J. (2025) – Geometry-Aware Ansätze in Image Processing and Stochastic Calculations of Matrix Quantities, Dissertation
[17] Bresch, J. et al. (2025) – Computing adjoint mismatch of linear maps, arXiv:2503.21361
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Numerical Simulations – Proof of Concept
d = 10 d = 100 d = 500
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Iterations k Iterations k Iterations k

m = 1 m = 10 m = 100

Relative quotient error

RQEk := R(A,B)−f(vk)
R(A,B) .

Minimal squared residual in the
eigenvector equation
MSQRk

:= min
n≤k

∥∥AHvn −
〈

vn, AHvn
〉

Bvn
∥∥2

,

Comparison for different sizes
d ∈ {10, 100, 500} and samples
m ∈ {1, 10, 100}.
Here A and B̃ are Gaußian and

B = (B̃ + d · Id)T(B̃ + d · Id).
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Numerical Simulations – Time, Sampling, and Dimension Trial

q = 1 q = 2 q = 3
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Dimension d Dimension d Dimension d

m = 1 m = 10 m = 100

Runtime of our algorithm for m ∈ {1, 10, 100} for the matrices with κ(B) ≈ 10q for varying dimension d. The methods are stopped
whenever RQE < 10−2 or after 100 · d iterations.
Here A is Gaussian, B = Q diag(λ)QT with Q random unitary and λj ∼ 10Unif([1,q]).
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Numerical Simulations – Comparison for Zeroth-Order Riemannian Gradient Methods
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Conclusion & Outlook

– We proposed an adjoint-free method for finding the maximum of generalized Rayleigh quotient.
– It stems from zeroth-order methods, but gives a better performance due to optimal step size selection.
– We derived sublinear convergence guarantees to the set of maximizers.

Thanks for your attention!
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Motivation: Adjoint Mismatch
– Inverse problems: Ax = y

– might not solvable, instead
minx∈X ‖Ax − y‖y where A : X → Y

– Normal equation: A∗Ax = A∗y

Õ pseudo inverse A†, noncontinuous
– discretization A ∈ Rm×d

Õ exact adjoint A∗ may be
expensive or unavailable

– Replacing A∗ by a discretized
adjoint V ∗ Õ adjoint mismatch

– Affects convergence ‖V ‖, ‖A − V ‖
min
x∈X

f(Ax) + g(x) = min
x∈X

max
y∈Y

g(x) + 〈Ax, y〉 − f∗(y)

– spectral properties of V ∗A + κI
minx∈X ‖y − Ax‖2

X + g(x) + κ
2 ‖x‖2

X

– V V ∗ unavailable for estimating
– V ∗A nonnormal Õ not convergent

Forward A Adjoint A∗
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Directe A∗

exact, costly
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Extensions, Restrictions of R(A, B)

– Operator norms ‖A‖, ‖A/B‖
– Adjoint mismatch ‖A − V ‖

Optimization Target
– Maximize the generalized Rayleigh

quotient R(A, B) = max
v 6=0

〈v,Av〉
〈v,Bv〉

– A ∈ Rd×d, B Hermitian pos. def.
〈v, Av〉 = 1/2

(
〈v, Av〉 + 〈A∗v, v〉

)
= 〈v, AHv〉

Õ B = Id Õ top spectral problem
Õ general B Õ leading generalized

eigenvector of B−1AH

Ö max λ s.t.
{

AHv=λBv
〈v,Bv〉=1

Rieman. Grad.: First & Zeroth Order
Õ Riemannian gradient, retraction
Õ requires adjoint A∗, inverse B−1

– Surrogate stochastic gradient
– Sample x̃ ∼ N (0, Id), xk = Pvk x̃

– Estimate ∇̂1f(vk) = f(R
vk (µkxk))−f(vk)

µk
xk

– Choice of the step size!
Specific Construction, Estimator

– Solve quadratic subproblem
arg min

τ∈R

〈R
vk (τxk),AR

vk (τxk)
〈R

vk (τxk),BR
vk (τxk)〉 ,

{
ak:=〈vk,AHvk〉
bk:=2〈xk,AHvk〉

– Estimator E[bkxk] = 1
d−1 ∇Sd−1

B

f(vk),

E[b2
k | vk] = 4

d−1 ‖Pvk AHvk‖2 = 1
d−1 ‖∇Sd−1

B

f(vk)‖2

Riemannian Formulation
– Work on the ellipsoid

Sd−1
B = {v ∈ Rd | 〈v, Bv〉 = 1} = h−1({0})

– smooth, embedded Riemannian
manifold h(v) = 〈v, Bv〉 − 1

– tangent space
Tv = ker(Dh[v]) = {x ∈ Rd | 〈x, Bv〉 = 0}

– Then R(A, B) = max
v∈Sd−1

B

〈
v, AHv

〉
Convergence, Rates
dist(Gmax, vk) → 0, r(A, B, vk) ↗ λmax, k → ∞, a.s.

min
k=0,...,n

P(‖AHvk − akBvk‖2 ≥ ε) ∈ O(1/n)

min
k=0,...,n

E[b2
k] = min

k=0,...,n
E[‖∇Sd−1

B

f(vk)‖2] ∈ O(1/n)
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