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Key Takeaways Theorem (Global Convergence, Sublinear Rate [7])
» We introduce a novel stochastic algorithm for computing (sev- ) If dim(Gy,) = d -1, r(A,B,vF) = R(A, B) for k € {0, 1}.
eral different) matrix quantities. i) Ifdim(Gy) <d =1, r(A B,v¥) /7 c<R(AB),and b, — 0 as,
» Our algorithms steam with zeroth-order methods [6] in terms i) The sequence (V¥)pen from (o) converges to Gy, a.s.,
of u;ing an unbiased estimator for the Riemannian grad.ient [5]. dist(Gy., VF) — 0, FA.B.VS) /A =R(A.B), R— oo, as.
» Optimal compared to first and zeroth-order methods, since we . _ D2l b 12 (- DIAIRIE T (+3x(E)
have the optimal step size, with low cost computation. 'V),?:rg,'in[EXk,V’?[ 4 Teao E,i|[lgrad r(A, B,vO)['] < 8 (n+1)

...,

Adjoint Mismatch in Inverse Problems Techniques
» Let X and Y be infinite-dimensional spaces; for linear A : X —» Y

Ax =y and some noise yeY.

Proposition (Optimal Step Size & Cases, which will Never Occur [7])

Let v/ e SI7T, x* € T,r N S9, then r(A, B, R «(tx")) = At bRt +CeT” it

~> Standard approach 1+dp12
mi}g | AX — yH%/»\,) V|| Ax — yH%/ =0~ A*AX = A'y. ap = (VR AVRY, by = (XR AVRY + (VR AXRY | cp = (XRAXRY ) dy = (xR, BXF). (<)
X€E

» Minimal norm solution, by More-Penrose pseudo-inverse [1]. T b, # 0, then :

~> Discrete forward and backward/adjoint model necessary. 71, = sgn(bp) Cfbjgi’? + \/“(fgk‘z;g? +3-| € R\{0}.

» Replace for lower computational cost and availability by a
discrete backward model V* # A*.

Continuous model

Forward A Adjoint A*
| Lemma (Never Accruing Cases [7, 8])
Discretized f da Discretized adjoint V* # A* (249 .
SEIEHEEE ToTAr J eficint) Let v e SZ7" and x* as in (o).
! R — iR AH Ry Ry _
Direct adjoint A” (795 v* e Gy .@ .b,? = (X", A"Vv*y = 0 a..s. & gradr(A, B, v©) = 0.
» Generalized eigenspaces of (A, B), i.e. B~'A":
Discrete model Gy = {veRI\{0}:Av = ABv} = {v e RY\ {0} : B AV = Av},
~> Introduces adjoint mismatch ~» effects convergence of iterative » with generalized eigenvalues of (A, B), i.e. spec(B~"/2AHB~1/2).

solvers for optimization problems [2, 3], spectral properties.
» Dealing with non-normal V*A ~» power-schemes may not
converge or calculate values far from estimator [4]. ) r(A,B,V**1) = r(A,B,vF) = apy — ap = 311by > 0, as.
i) If dim(G,) < d -1, then [7, 8]
~ V1 is not a generalized eigenvector, a.s., if v¥ is neither one.

AeR|3IveSi LAY = ABv} = (A1, .. Aq), A2 .. 2 Aq.

Example: Rotation Operator

0 0.20

na \IAAl 1Al . " ~> vFis not a generalized eigenvector, a.s, for (V®)pen
0.03 0.15

2510  0.99999 1.00463 " : : :
25 30 1.00002 1.05930 N 0.0 0.10 Proposition (Borel—Cantelll & Bounded Sampllng PrObabllty [7])
25 45  0.99996 117387 ¥ . . .
50 10 1.00080 0.99804 40 0.01 0.05 Let V, VI? c S(Bj_1, Xl? das [N (0), b/? as In (l><1), and € > 0.
5030 059998 1.05314 0.00 0 2 w0 - [Ex’?lv’?[bkxk] = %grad r(A, B,v®), where

50 45 1.00000 116840

povver method ii) our method.

R RNT
grad r(A, B,v®) = P,V (v* Av®y = 2(I4 <BﬁE§V<E”V2> JAHVR

Computing the Extremal Generalized Eigenvalue > mevk(xk e {x e T,,NSY"| 3t € R,Rs(1X) € Bo(V)}) > Prys.

» For A, B € R9%9 with B = B* = 0 consider

R(A,B) = max <Vév> = r(A, B, V) (+) Numerical Experiments
VERd\{O} <V V> d=10 d =100 d =500 Relative quotient error
» If B=1g4 (1) is a problem of finding the largest singular value RQE, = RGBT,
Minimal squared residual
_ /aH d _ H\1/22 =
<V9 AV> — <A v, V> > 09 v eRY ~ ﬂ(A ) \/rengad)f <V AV> — H(A ) / H J MSQRy, _T!,?”AH v — (v", Afly ”)Bv””
» If B # Iy, the maximizer in (1) is the leading eigenvector of B~1A": = T Aand Bare Gaubian and
_ . 3 B=(B+d-1)"(B+d-Iy).
(v, A") = {v,BBT'A) = A(v,Bv), with A"v=2ABv, veR? 2
~> Requires both: adjoint and inverse.
Our —— Z0-RGA i) Z0-RGA ii) [6] —
. . . LT m=10-- m =100 —
Proposed Method - with Optimal Step Size o 4, B are GauBian, anc
~ ~ . ~ A=A"A, B=B'B.
1. Set v = 7/||7||g with 7 ~ N(0, Iy). om e
: b - lterations R Iterations R Iterations R
2. For the iterate v*, sample X ~ N (0, I5). References
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